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Abstract. We consider operator matrices H = ( ) with self-adjoint entries Aj, i = 0,1, 



^Bio Ai ^ 

and bounded Bqi = B^q, acting in the orthogonal sum 7i = TL^dd'Hi of Hilbert spaces TLq and 
TLi. We are especially interested in the case where the spectrum of, say, Ai is partly or totally 
embedded into the continuous spectrum of Aq and the transfer function Mi{z) = Ai — z + Vi{z), 
where Vi{z) = Biq{z — Aq)~^Bqi, admits analytic continuation (as an operator-valued function) 
through the cuts along branches of the continuous spectrum of the entry Aq into the unphysical 
sheet(s) of the spectral parameter plane. The values of z in the unphysical sheets where M^^{z) 
and consequently the resolvent (H — z)~^ have poles are usually called resonances. A main goal 
of the present work is to find non-selfadjoint operators whose spectra include the resonances as 
well as to study the completeness and basis properties of the resonance eigenvectors of Mi{z) in 
Til- To this end we first construct an operator- valued function ViiY) on the space of operators 
in Til possessing the property: Vi(y)^i = Vi{z)'il}i for any eigenvector iIji of Y corresponding to 
an eigenvalue z and then study the equation Hi = Ai + Vi{Hi). We prove the solvability of this 
equation even in the case where the spectra of Aq and Ai overlap. Using the fact that the root 
vectors of the solutions Hi are at the same time such vectors for Mi{z), we prove completeness 
and even basis properties for the root vectors (including those for the resonances). 
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1. INTRODUCTION 

In this paper we deal with 2x2 operator matrices 

« - ( t ) • 

acting in an orthogonal sum H = Hq^Hi of separable Hilbert spaces Ho and Hi. The entries 
Aq : Ho ^ Hq, and Ai : Hi ^ Hi, are assumed to be self-adjoint operators with domains 
T'(Ao) and V{Ai), respectively. It is assumed that the couplings Bij : Hj Hi, i,j = 0, 1, 
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^T^j, are bounded operators (i. e., G B(7ij, Hi)) and Sqi = B^q 
the matrix H is a self-adjoint operator in Ti with domain 'P(H) = 
Operators of the form (|LT 



Under these assumptions 
V{Ao)(BV{A,). 
physical problems (see e.g., 



n||T|JT3-|T9|,|3|,|2H3|j33,|| 



arise in many of 
typically as a result of decomposing the Hilbert space H 
of a quantum system in two "channel" subspaces. The first one, say Hq, may be interpreted 
as a space of "external" (for example hadronic as in P, p^ , ^ ) degrees of freedom. The 

(for example, quark p|,|T5|,^) structure of 



second one, Tii, is associated with an "internal" 
the system. We mention also that spectral problems for a class of 2 x 2 operator matrices 
arise in magnetohydrodynamics 



12,21 



In the spectral theory of operators of the form (|1.1|) an important role is played by the 
transfer functions 



Mi{z) =Ai-z + Vi{ 



0,1, 



:i.2) 



where 



vAz) 



—BijRj{z)Bji, 



:i.3) 



Hereafter the notations Rj{z) are used for the resolvents of the operators Aj, 

where li 



{Aj — zlj)^^ where Ij stands for the identity operator in Tij. A particular role 
of the transfer functions Mi{z) can be understood already from the fact that the resolvent 
R(2) of the operator H, H,{z) = (H — zl)~^ where I is the identity operator in Ti, can be 
expressed explicitly in terms of Mq{z) or Mi{z): 



R(z) 



Roo{z) 
Rioiz) 



Roi{z) 
Ruiz) 



Mo\z) 
-Ri{z)Bi^M^ 



iz)BoiRi{z) 
Ri{z) + Ri{z)Bi^M^\z)BmRi{z) 



Ro{z) + R^{z)Bo,M^\z)BMz) 
-M^\z)BioRo{z) 



-Ro{z)BoiM{\z) 
M,-\z) 



:i.4) 



It follows from the representations (1^) that R{z) and, hence, its components Rij, i,j = 0, 1, 
may partly inherit the singularities of the channel resolvents Ro{z) and Ri{z). However, all 
the nontrivial singularities of R(-z), differing from those of Ro{z) and Ri{z), are singularities 
of the inverse transfer functions Roo{z) = Mq'^{z) and/or Ru{z) = Aff ^(2;). Therefore, in 
studying the spectral properties of the transfer functions one studies at the same time the 
spectral properties of the initial operator matrix H. 

Often the study of the spectral properties of the transfer functions indeed turns out to be 
a simpler task than an immediate study of the spectral problem for the total matrix ( [1.11) . 
In particular, the described reduction of the spectral problem H\E' = z'^ for an initial two- 
channel Hamiltonian H of the form (|1 . 1|) to the channel spectral problems 



A + Vi{z))ij 



Zip 



:i.5) 



is common place in quantum physics where the perturbations Vi{z) are called energy- 
dependent potentials, energy-dependent interactions etc. Regarding this subject see, e.g.. 
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the papers p6| , |28|j40[] discussing some problems related to the use of the energy-dependent 



potentials in the physics of few-body systems. 

In the case where one of the spaces TIq and Tii is finite-dimensional, say, the space Tij, 
the respective transfer function Mi{z) is also known as the Livsic matrix p2| (see Ref. 
for applications of the Livsic matrices to perturbation theory and for further references). 

In the papers [fr|,pB[ the following question was raised: Is it possible to introduce an op- 
erator Hi, i = 0,1, independent of the spectral parameter z, such that its spectrum coincides 
with the spectrum of Eq. ( pT5|) while the eigenvector of Hi is at the same time an eigenvector 
of the transfer function Mi (i. e., Hiijj^'^^ = zijj^'^^ implies that ( |1 . 5|) holds)? Obviously, hav- 
ing found such an operator one would reduce the spectral problem for the transfer-function 
Mi{z) to the standard spectral problem for the operator Hi and, thus, the questions regard- 
ing completeness and basis properties for the eigenvectors of Mi could be answered in terms 
of the operator Hi referring to well known facts from operator theory. 

A rigorous answer to the above question was found by A. K. Motovilov p8|-0O|,^ 



m 



the case where the spectra a{Ao) and ^{Ai) of the entries Aq and Ai can be interwoven with 
each other but must be strictly separated, 

dist{(T(Ao),a(Ai)} > 0. (1.6) 

To this end an operator- valued function Vi{Yi) on the space of linear operators in Hi was 
constructed in p8|-pO|,^ such that 



\/,(F,)^« = F,(^)7A« (1.7) 

for any eigenvector tp^^"^ corresponding to an eigenvalue z of the operator Yi. The desired 
operator Hi was searched for as a solution of the operator equation 

H, = A + V,iHi), 1 = 0,1. (1.8) 



Notice that an equation of the form ( |1.8| ) first appeared explicitly in the paper []^ by 
M. A.Braun. Obviously, if Hi is a solution of Eq. ([T^ ) and Hi^^"^ = zip^^^ then, due 

to dT^), automatically ztp^'^ = (^Ai + V^{Hi)^ij^'^ = (^Ai + Vi{z)^ij^'^ and, thus, for these 



and ■0^*) the equality ( p..5|) holds. The solvability of the equation ( |1.8| ) was announced in ||29 



and proved in under the assumption 

1 



Bij\\2 < -distHAo),a(Ai)} (1.9) 



where ||-Bjj||2 stands for the Hilbert-Schmidt norm of the couplings Bij. It was found p8|j30 
that the problem of constructing the operators Hi is closely related to the problem of search- 
ing for the invariant subspaces Qi, i = 0,1, of the matrix H which admit the graph repre- 
sentations, 



;i.io) 
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with bounded Qji : Hi Hj such that Qij = —Qji and H = Qo (B Gi- The point is that 
under the assumption ( |1.9[ ) the solutions Hi, i = 0,1, of Eqs. (|1.8|) read 

H, = A + BijQ,i (1.11) 



where Qji are contractions just reahzing the above representations ( |1.10| ). The operators 
Qji satisfy the stationary Riccati equations 

QjiAi- AjQji + QjiBijQji = Bji, i,j = 0,1, j^i (1-12) 

while the similarity transform H' = Q^^HQ with Q, = \ }^ ] reduces the operator 

\ Wio H ) 

H to the block-diagonal form H' = diagji^o, -f^i}- Under the condition (|1.9|) the spectra 
(j{Hq) and (y{Hi) do not intersect each other, i.e., 

a(iJo)na(iJi) =0, (1.13) 

and 

cr(H)=a(iJo)Ua(ifi) (1.14) 

while the Hi, z = 0, 1, represent parts (spectral components) of the operator H in the 
corresponding invariant subspaces Qi. 

The idea of the block diagonalization of the 2x2 operator matrices in terms of the 
invariant subspaces (|1.10|) is a rather old one going back to the paper by S. Okubo 
(regarding applications of Okubo's approach to particle physics see, e.g., [PT] , P^ and Refs. 
cited therein). In a mathematically rigorous way this idea was used by V. A. Malyshev 
and R. A. MiNLOS in their method p3[ for the construction of invariant subspaces for a class 



of selfadjoint operators in statistical physics. Regarding a proof of solvability of the Riccati 
equations ( p..l2| ), the techniques of Ref. |]23| are restricted to the case where the norms of 
the entries Bij are sufficiently small and the separation condition (|1.6|) holds, too. Recently, 



the existence of invariant subspaces of the form (|1.1CI|) was proved by V. M. Adamyan 
and H. L anger for arbitrary bounded entries Bij however assuming, instead of the 
condition (|1.6|) , the essentially different assumption that the spectrum of one of the entries 
Ai, 2 = 0, 1 is situated strictly below the spectrum of the other one, say 

maxcr(Ai) < min(T(Ao) . (1-15) 

Soon, the result of [|] was extended by V. M. Adamyan, H. Langer, R. Mennicken and 
J. Saurer to the case where 

maxcr(Ai) < mincr(Ao) (1-16) 

and where the couplings Bij were allowed to be unbounded operators such that, for 
ao < min cr(ylo), the product (Aq — ao)^^^^-Boi makes sense as a bounded operator. 
The conditions ( |1.15|) , ( p..l6| ) were then somewhat weakened by R. Mennicken and 
A. A. Shkalikqv |p7|| in the case of a bounded entry Ai and the same type of entries 
Bij as in 0. Instead of the explicit conditions (|1.15| ), (|1.16| ) on the spectra of Ai, the 



paper |27| uses a condition on the spectrum of the transfer function Mi[z) requiring the 



existence of a regular point (3 > mma{Ai) for Mi such that 
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Mi{p)<ai<0. (1.17) 

This condition still allows one to prove the existence of the invariant subspaces of H in 
the form ( |1.10|) ||27|| . It should be noted that the condition (|1 . 1 7|) may hold even in the 



case where the spectra a{Ao) and (j{Ai) weakly overlap but that the requirement above 
regarding the unboundedness of the entries Bij is strictly necessary in this case (see 
For all the cases considered in 0,^,^ the relations ( p..l3|) and (|1.14|) also hold true. However, 



if the coupling Bij is unbounded, the Riccati equation for the operator Qji determining the 
representations ( |1.1U ) must be written in general in a more complicated form as compared 



to Eq. (|1.12|) (see details in |]3|j27[|). One can check nevertheless that the spectral component 



Hi of the matrix H constructed in PJ^j27[] satisfies the equation ( |1.8|) , at least in the case 
where for j ^ i the entry Aj is bounded. 

In the present work we study the equation (|1.8|) in a case which is totally different from 
the spectral situations considered in [p|,p|, p3| , p7| -p0[] ; namely, we suppose from the beginning 
that <j{Aq) n cr(Ai) 7^ 0. In fact, we are especially interested in the case where the spectrum 
of, say Ai, is partly or totally embedded into the continuous spectrum of Aq. Some remarks 



concerning the solvability of the equation (|1.8| ) in this case may be found only in Ref. ||32 

We work under the assumption that the coupling operators Bij are such that the transfer 
function Mi (z) admits analytic continuation, as an operator- valued function, under the cuts 
along the branches of the absolutely continuous spectrum o"ac(^o) of the entry Aq. Among 
other things. Sect. ^ includes a detailed description of the conditions on Bij making such a 
continuation of Mi{z) possible. 

The problem considered is closely related to the resonances generated by the matrix 
H. Regarding a definition of the resonance and a history of the subject see, e.g., the 



books [flP,^|39| . A recent survey of the literature on resonances can be found in |]3T 



Throughout the paper we treat resonances as the discrete spectrum of the transfer function 
Mi{z) situated in the so-called unphysical sheets of its Riemann surface. One can find some 
definitions regarding the unphysical sheets and the resonances in Sect. ^. 

Sect. 1^ starts with adjusting the definition of the function ViiY) of Refs. p8|- pO|] to the 



spectral situation considered here. Since we deal with m (1 < m < 00) distinct intervals 
of the absolutely continuous spectrum of the entry Aq, we get as a result 2"^ variants of 
the function Vi{Y) and, consequently, 2*" different variants of the equation (|1.8| ) which 
read now as Eq. (|3.7|) . This circumstance corresponds to the 2™ possible ways of realizing 
the analytic continuation of the transfer function Mi{z) under m distinct cuts into the 
unphysical sheet (s) neighboring the physical one. It should be stressed that in this paper we 
deal only with the neighboring unphysical sheets. For convenience, Eq. (|3.7| ) is referred to 
as the basic equation in the following. The solvability of this equation is provedQ under the 
assumption ( |3.11D recalling the condition ( |1.9| ) but without already requiring the entries Bij 



to be of the Hilbert-Schmidt class. The solutions of (|3.7| ) represent non-selfadjoint operators 



the spectrum of which includes the resonances. In general, these operators are not even 
dissipative. 



^It should be noted that having solved the basic equation ( |3.7] ) one can find as well some formal 
solutions for the Riccati equations ( 1.12 ). However, in this case the formal solutions Qij of ( |1.12 ) 
can not be treated in the conventional operator sense. A generalized interpretation of these solu- 
tions as well as the construction of the generalized invariant subspaces ( |1.10| ) are beyond the scope 
of the present work and will be a subject of another paper. 
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In Sect. ^ we first prove the factorization tfieorem (Tlieorem [4.1|) for the transfer function 
Mi{z). It follows from this theorem that there exist certain domains surrounding the set 
(t{Ai) and lying partly in the unphysical sheet (s) where the spectrum of Mi is represented 
only by the spectrum of the respective solutions of the basic equation (|3.7|). Since the root 
vectors of these solutions are also root vectors for Mi, this fact allows us to talk further, 
in Sect. ^|-|^, about completeness and basis properties^ of the root vectors of the transfer 
function Mi corresponding to its spectrum in the above domains, including the resonance 
spectrum. In Sect. Ijwe describe as well some relations between the different solutions of ( p.7|) 
and some relations between their spectra which reflect the symmetry of the resonance sets 
with respect to the real axis. 

In Sect. 1^ we pay special attention to the real point spectrum of the solutions of the basic 
equation ( |3.7| ) and, thereby, to this part of the spectrum of the transfer function Mi as well. 
It is found in this section that the real isolated eigenvalues of all the considered solutions 
of (|3.7|) are the same and, moreover, the real eigenvalues correspond to the same algebraic 
eigenspaces which consist in this case only of eigenvectors. We prove the basis property of 
these eigenvectors with respect to their closed linear span. 

In contrast to Sect. |^-^ we suppose in Sect. ^ and ^ that the entry Ai only has discrete 
spectrum. 

Sect. H is devoted to a detailed consideration of the case where the space Hi is finite- 
dimensional. In particular, we describe in this section the relations between the eigenpro- 
jections and eigennilpotents corresponding to the resonances. 

The results of Sect. ^ are obtained under the assumption that the operator Ai has a 
compact resolvent. Here, to prove the completeness and basis properties for the root vector 
systems of the solutions of Eq. ( |3.7| ), we rely mainly on the respective statements regarding 
non- self adjoint operators from the books by I. C. Gohberg and M. G. Krein [|l3l and by 

T. kato ig. 

In Sect. § we present an illustration of the results obtained for a simple example going 
back to one of the Friedrichs models |[TD| while Appendices ^ and ^ contain some auxiliary 
material used throughout the paper. 
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^Note that these results recall those of the Lax-Phillips scattering theory (see also |]l,35,36| 
and Refs. therein) where resonances appear as the spectrum of a dissipative operator representing 
the generator of the compressed evolution (semi)group and this implies completeness and basis 
properties of the resonance states in a translationally invariant subspace. 



6 



2. TRANSFER FUNCTION: ANALYTIC CONTINUATION THROUGH THE 

CONTINUOUS SPECTRUM 



The transfer function Mi{z), i = 0,1, considered on the resolvent set p{Aj) of the entry 
Aj, j 7^ i, represents a particular case of a holomorphic operator- valued functions. In the 
present work we use the standard definition of holomorphy of an operator-valued function 
with respect to the operator norm topology. Namely: 

Let D be a domain in C and B(^', Q") the Banach space of bounded operators between 
the Hilbert spaces Q' and Q". A mapping T : D —>■ B{Q',Q") is said to be a holomorphic 
operator-valued function on D if it is differentiable at every z & D with respect to the 
operator norm topology. 

Let T{z) = A + F{z) with A : Q' —>■ Q" a closed (in particular self-adjoint if Q' = Q" = Q) 
operator on a domain ^^{A) and F : D B(^', Q"). Such a function T is called holomorphic 
on D if F is holomorphic on D. 

Each transfer function Mi{z), z = 0, 1, is holomorphic at least in the resolvent set p{Aj) of 
the entry Aj, j ^ i. Since the inverse transfer functions M~^[z) coincide with the respective 
block components Rii{z) of the resolvent 'R,{z), they are both holomorphic at least in the 
set p(H). 

One can extend to operator-valued functions the usual definitions of the spectrum and 
its components. We recall these definitions here, restricting ourselves to the cases above of 
holomorphic functions T(-) on a domain D G C where either the function T(-) is bounded 
itself, T : D ^ 'B{Q,Q), or T(-) is a sum, T(-) = A + F{-), of a fixed closed operator A 
in a Hilbert space Q and a bounded function F : D A point X G D is called 

a regular point of the function T if T~^(A) e B{Q,Q) exists. The set p{T) consisting of all 
the regular points A G -D is called the resolvent set of the function T in the domain D. The 
set cr(T) = D \ p{T) is called the spectrum of T in D. If Ker T(A) ^ {0}, \ E D, then one 
says the A is an eigenvalue of T in D, A G (Jp{T) n D. If x G KerT(A), x ^ 0, and, thus, 
T(A)x = 0, then such an x is called an eigenvector corresponding to the eigenvalue A. The 
continuous spectrum (Tc{T) of the function T in D is introduced as the set of all those points 
A G -D for which the image 7^(T(A)) does not coincide with its closure, 7^(T(A)) ^ 7l(T{X)). 
Obviously, the standard definitions for the spectrum of a closed operator A coincide with 
the definitions above if one takes T{z) = A — z and D = C 



Let Ej be the spectral measure for the entry Aj, Aj = 




0,1, 



o'iAj) C M. Then the functions Vi{z) given in ( p..3| ) can be written 




Thus, it is convenient to introduce the quantities 



V,{B) = \\B, 



' l|2 



where, by definition. 




k 
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with {Sk} being a finite or countable complete system of pairwise nonintersecting subsets of 
the spectrum <7{Aj) being measurable with respect to Ej (i. e., Sk are Borel subsets of <7{Aj) 
such that 5fc n (5; = 0, if 7^ / and IJ ^a: = cr(Aj)). The number Vj{B) is called the variation 

k 

of the operators Bij with respect to the spectral measure Ej. At the same time the quantity 
= II-BjiIIb^ will be called the norm of the operators Bqi and Bio with respect to this 
measure. Some properties of such a norm are described below in Appendix ^ It follows 
from the results of this appendix that Vj{B) satisfies the estimates 

ll-BjjlP < Vj{B) < \\Bij\\l 

where ||i?jj||2 = ||-Bjj||2 is the Hilbert-Schmidt norm of the couplings Bij. The equality 
Vj{B) = ll-BjjiP is attained in the case where Aj is a multiple of the identity operator. The 
equality Vj{B) = ||-Bjj||2 holds if Aj possesses only a pure discrete spectrum which is at the 
same time simple. 

Note that along with the "total" variation Vj{B) we shall use the "truncated" variations 

V,{B) = sup V \\B,^E^{6k n A)B,,\\ 

^ {4} V 

where A is a certain Borel subset of cr{Aj). Obviously, for any such A C cr[Aj) one has 
V,(5)|^< V,(5). 

Further, we shall suppose that at least one of the variations Vj{B), j = 0, 1, is finite; say, 
for example, the variation Vo(-B): 

VoiB) < oo. (2.1) 

We assume that the spectrum of the operator Ai intersects only the continuous spectrum 
of the operator Aq and this intersection is only realized on (every of) the pairwise noninter- 
secting open intervals (see Fig. |1|) A° = (/ii^\/if^) C (rdAo), < fif\ = 1,2, . . . ,m, 
m < oo, and — oo < jdm < +oo. Therefore, we assume that A° fl cr(Ai) 7^ for all 

m 

k = 1,2., ... .,171 and a{Ai)na'{AQ) = where a'{Ao) = a{Ao) \ A° denotes the remaining 

fc=i 

spectrum of Aq. 

We shall suppose that the product 

irB(/i) = 5ioi?°(/i)5oi (2.2) 



where -E°(/i) stands for the spectral function of Aq, -E°(/i) = -Eq (^(—00, /i)j , is differentiable 
in /i for all fi G A^, k = 1,2, ... ,m, in the operator norm topology, i. e. the limits 



lim 



0, A,/iGA; 



A — /i 

exist with K'^{fi) G B(7Yi,7Yi). Obviously, the derivative K'^{fi) is non-negative, 

KM > 0, 



8 



Point spectrum of Aq 
Continuous spectrum of Aq 

+ + + Point spectrum of Ai 

Continuous spectrum of Ai 



FIG. 1. An example of the spectral situation considered in the paper for the case where m = 3 
and fi^^^ > — cxD, fi^^^ = +00. 

since Kb{^ji) is a non- decreasing function. Differentiability of Kb{^) means that the con- 
tinuous spectrum of the entry Aq includes, in each A^, k = 1,2, ... ,m, a branch of the 
absolutely continuous^ spectrum aadAo): For any Borel subset 5 C A° and for any ui G Hi 
the vector Eo{S)BqiUi belongs to the invariant subspace TCq'^ C Hq of Aq corresponding 
to the absolutely continuous spectrum (Jac(^o) and Eq{6)BqiUi = Eq'^{6)BqiUi where Eq"^ 
denotes the part of the spectral measure Eq corresponding to (7ac(^o)- Obviously, 



Vo(i?)|^„= J d^i\\K'M\\- 



AO 



k 



^Recall, for convenience of the reader, definition of the absolutely continuous spectrum of a 
selfadjoint operator A acting in a Hilbert space G- Let E^{^) be the spectral function of A, 

E^{fi) = Ea ^(—00, /i)^ , fi where Ea stands for the spectral measure of A. Denote by Gac the 

invariant subspace of A consisting of all the vectors f G for which the function fi — > {E^{fi)f, f) 

is absolutely continuous in /i G M. Then the spectrum of the restriction A of j4 on the subspace 

Gac 

Gac is called absolutely continuous spectrum (Tac{A) of the operator A. Also, one says the subspace 
Gac corresponds to the spectrum aac{A). For more details see, e. g., Ref. ||l6|, §X.1.2, and Ref. ||38|| , 
Section VII. 2. It should be noted that in most of physical applications all the continuos spectrum 
of selfadjoint operators involved is typically absolutely continuous. 
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Further, we suppose that the function K'^lfi) is continuous within the closed intervals 
and, moreover, that it admits analytic continuation from each of these intervals to a simply 
connected domain situated, say, in C~. For the interval A°, let this domain be called 
(see Fig p. We assume that the boundary of each domain includes the entire spectral 

interval A^. Let K'j^\^) denote the continuation of K'^ from A^ into . The presence 
of the index k in this notation is related to the fact that in general the continuation of K'^ 
to the same domain of C can be different if one starts from different intervals A^. Thus, 

the notation K'I^\^) relates to the distinct branches of the function K'^. In the case where 
DJ n ^ for J 7^ A; and K'^^\^l) ^ Kf\fi) for fx E Dj D the points z E Dj 
and z E must be considered as distinct (namely, one must assume that these points 
belong to different sheets of the Riemann surface of the function K'^). To avoid unnecessary 
complications regarding such a treatment of the different branches of K'^, we shall further 
assume that the domains for the different k do not intersect each other, i.e., 

DTRD, =0, Jy^k. (2.3) 

It is implied that one can always consider more narrow initial holomorphy domains of the 
function K'^ if it is necessary. The assumption ( ^^ allows us to drop the branch identifi- 
cation (the index k) in the notation above for the analytic continuation of K'^ and this is 
done throughout the paper. 

Since K'^{fi) represents a self-adjoint operator for G A° and A° C M, the function 
K'q{h) also automatically admits analytic continuation from A° into the domain D'^, sym- 
metric to with respect to the real axis, D'^ = {z : z E D^}. For the continuation into 
D'l we retain the same notation K'^lfi). The selfadjoitness of K'^{fi) for fi E A° implies 

[K'Mr = K'sm), f^^D^- (2.4) 

Also, we shall always suppose the K'^^ii) satisfies the following Holder condition at the end 
points fi'^\ fif^ of the spectral intervals A°, 

\\K'M-K's{^lt^)\\<C\^^-f,^^\\ . = 1,2, f,ED^, 

with some positive C and 7. 

Let / = {hjh, ■ ■ ■ Jm) be a multi-index having the components Ik = +1 or Ik = —I, 

m 

k = 1,2, . . . ,m. In what follows we consider the domains Di = [J DJ^ where are the 

k=l 

holomorphy domains of K'^ described above. Let rjf be a rectifiable Jordan curve in D^^ 
resulting from continuous deformation of the interval A^, the end points of this interval 
being fixed (except = —00 and j^m'' = +00 which are allowed, if this is possible, to 
be shifted respectively to jl^^^ = —00 + iy-00 £ D''^ and jlm = +00 + iy+00 ^ -D^ with 
some real ?/_oo = h\y-oo\ and y^oo = im\y+oo\)- With the exception of the end points, the 

closure of the contour Fi'' has no other common points with the set adAo). Note that 
under the condition (|2.3|) Fj" fl F^ = for any j, k E {1,2, . . . , m} such that j 7^ k. By F^, 

m 

I = {h,h, ■ ■ ■ , lm)i we shall denote the union of the contours F^*, F; = |J F^*. 

fc=i 

Also, we extend the definition of the variation Vo(-B) to the set (j'(y4o) UF^ by introducing 
the modified variation 
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Vo{B,T,)=Vo{B) + [ \di^\\\K'M\\ (2.5) 

<^'(^o) J 

with \dfi\ Lebesgue measure on F;. It is clear that if the length of the curve F; is finite 

m „ 

(in the case where the set U A^^, is bounded) the value Vo{B, Ti) is also finite, 

k=l 

(t'(Ao) MGr, 

We suppose that the operators Bij are such that there exists a contour (contours) F^ where 
the value Vo{B, F/) is finite, 

Vo(5,FO<oo, (2.6) 

m „ 

including also the case of the unbounded set U A^. It is assumed that the inequality ( p.6| ) 

m „ 

must hold during the reverse continuous deformation of the contour F; back to the set U A^.. 

k=i 

The contours F; satifying the condition ( |2.6| ) are said to be Kb -bounded contours. 

In the following we deal mainly with the analytic continuation of the transfer function 
Mi{z) and its inverse, [Mi(z)]^^, through the spectral intervals A^ into the domains Di. 
Under the assumed conditions the function Mi (z) admits such a continuation in the conven- 
tional sense, i.e., as an operator- valued function. Namely, the following statement holds. 

Lemma 2.1 The analytic continuation of the transfer function Mi{z) , z G C\cr(Ao), through 

m 

the spectral intervals A° into the subdomain D{Ti) C A bounded by the set [J A° and a 

k=l 

Ks-bounded contour F; is given by 

Mi{zJi) = Ai-z + Vi{zJi) (2.7) 



where 



Vi{z,Ti)= ! Ksidi^)^— (2.8) 
J z- IX 

a'(Ao)ur, 



z — fl 



= J BioEo{dii)Boi^ + j d^iXy ' ^ 

ct'{Ao) 

For z eD^^ r\ D{Ti) the function Mi{z, F;) may be written as 



Mi{z,Ti) = Mi{z) + 2mhK's{z). (2.9) 



Proof. The proof is reduced to the observation that the function Mi{z, F;) is holomorphic 
for 2 G C \ [(t'(Ao) U F;] and coincides with Mi{z) for ^ G C \ [a'{Ao) U /^(F/)]. Eq. is 
obtained from (|2.8| ) using the Residue Theorem. □ 
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Remark 2.1 The definition Eq. ( p.8|) defines the Junction Vi{z^Ti) and, hence, via Eq. 
the function Mi{z, Ti) forz G C\(cr'(y4o)uri), the values ofVi{z, F;) for such z being bounded 
operators in Tii. As mentioned above the inverse transfer function M^^[z) coincides with 
the block component Rii{z) of the resolvent R(-2) and, thus, it is bounded and holomorphic 
in z E C \ o-(H). Since Mi{z, Ti) = Mi{z) for z E C \ [a'{Ao) U D(Ti)], one concludes that 
[Mi{z,Ti)]~^ exists and is bounded and holomorphic in z at least for z E C \ [o"(H) UD(Ti)]. 

It is clear that by varying the contour Ti one can represent the continuation of the transfer 
function Mi{z) in the form ( |2.8|) for any subset of the domain Di. One notes also that if 
the subdomains D{t\^^) and D{t['^^) correspond to two different fT^-bounded contours r[^'* 
and rf\ then automatically Vi{z,r\'^^) = Vi{z,r[^^) and, hence, Mi{z,r[^^) = Mi(z,rp^) 

for z G D{Tl^^)nD{TP) because of the uniqueness of the analytic continuation. 

The formula ( |2.9D shows that in general the transfer function Mi has a multi-sheeted 
Riemann surface. Properties of this surface such as the number of sheets, the presence of 
branching points in addition to the points fi^f!'\ fif\ = 1, 2, . . . , m (if K'^ is considered in 
a larger domain than U Di) etc. are determined by the analytic properties of the function 

K'^lfi) itself. The sheet of the complex plane where the transfer function Mi{z) is considered 
together with the resolvent ^{z) initially is said to be the physical sheet. The remaining 
sheets of the Riemann surface are said to be unphysical sheets. 

In the present work we only deal with the unphysical sheets neighbouring the physical 
one, i.e., with the sheets connected through the intervals for some k G {1,2, ...,m} 
immediately to the physical sheet. The index / = (/i,/2, • • • ,1m,) can be considered as an 
identifier of the neighboring sheet. It should be noted however that some of these sheets can 
turn out to be identical to each other if one is able to consider a wider domain than U Di 

but all this depends on a concrete form for the function K'^ and we do not touch on this 
subject. 

Regarding the total resolvent H,{z), it may admit continuation only in a generalized 
sense. First, one can suppose that there exists a dense subset Hq of Hq such that for any 
uo,vo G Ho the bilinear form {E^ {fi)uo, vq) admits analytic continuation in variable /i as a 
holomorphic function from each interval A° into the respective domain So that the 

previous assumption concerning the holomorphy of the function K'^{n) implies that BqiUi 
is an element of the subset Tio for any ui G Tii. Obviously, the analytic continuation of the 
form {Rq{z)uo,vo) into Di reads as (cf. Lemma |2]l|) 



where K'^^^^^ denotes the derivative of the analytic continuation Kuo^voik'') of the form 
{E^{ii)uq,Vq) . Using the Residue Theorem one can verify 

{Ro{z)uq,Vq) ={Roiz)uo,Vo) + 2mlkK' (z) 

where {Rq{z)uq,Vq) stands for the conventional bilinear form of the resolvent Ro{z), i.e., 
this form is taken for Ro{z) in the phyisical sheet. 

The analytic continuation of the resolvent R(-2) is understood in terms of the continuation 
of the bilinear form (R(z)m, f ) where u = {uq,Ui), v = (fo,fi) are elements of Ti. with 
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Mo, vq G Ho and ui, vi ETii. It follows from the representation (|1.4|) that such a generalized 
continuation is indeed possible if the function K'^^ is holomorphic in Di for any mq, Vq G 

TYo- The holomorphy domain of the continuation of R(-z) into Di thus has to coincide with 
just such a domain for the continuation of the inverse transfer function Rii{z) = [Mi{z)]~^. 
The spectral problem for the continued transfer function Mi{z, F), that is, the problem 

[Ai + Vi{z,T)]ui = zui, uiEHi, (2.10) 

will be referred to in the following as the initial spectral problem. 



3. THE BASIC EQUATION. SOLUTIONS ijf ^ 

If an operator-valued function T : cr'(y4o) U F — > B(7ii,7ii) satisfies the Lipschitz con- 
dition [the inequality ( |B.4| ) of Appendix |B| on ct'^Aq) and is continuous and bounded on a 
i^'fi-bounded contour F, 

||7'||oo,r= sup ||T(/i)|| < cx), (3.1) 

then the integral 

J KB{dfi)T{fi)= J B,oEoid^i)BoiT{fi) + J dfiK'MTifi), (3.2) 

a'(Ao)ur a'{Ao) r 

exists in the sense of the operator norm topology (see Appendix ^ and 

J KB{d^i)T{fi)j < Vo(5,F) ■ ||T||oo,r. (3.3) 

<T'(Ao)ur 

In particular, if T{z) is the resolvent of an operator Y, T{z) = {Y — zli)~^, the spectrum 
of which has no common points with a'{Ao) U F, then one can define the operator 

Vi{Y,T)= J KB{di2){Y - fih)-\ (3.4) 
fT'(Ao)ur 



This operator is bounded, Vi{Y,T) G B(7ii,7ii), and, because of ( p. 3D , its norm admits the 
estimate 

\\V,{Y,r)\\<VoiB,ri)- sup ||(F-/x/i)-i. (3.5) 

Ateo-'(Ao)ur 

According to the definition ( |3.4| ), the operator- valued function Vi{Y, F) of the operator vari- 
able Y : Hi ^ TCi possesses the following important property: If Ui G Hi is an eigenvector 
of Y corresponding to an eigenvalue z, Yui = zui, then 

Vi{Y,T)ui= [ KB{dfi)^—ui = Vi{z,T)ui. (3.6) 

a'{Ao)VJV 
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In what follows we consider the equation^ 



Y = Ai + Vi{YJ). (3.7) 

We deal with this equation, since it possesses the following characteristic property: If an op- 
erator Hi is a solution of ( |3.7[ ) and Ui is an eigenvector of Hi corresponding to an eigenvalue 
HiUi = zui, then automatically (cf. Sect. |l]) 

zui = AiUi + Vi{Hi, r)ui = AiUi + Vi{z, Y)ui. (3.8) 

This implies that any eigenvalue z of such an operator Hi is automatically an eigenvalue for 
the initial spectral problem ( |2.1CI| ) and ui a corresponding eigenvector. Thus, having found 
the solution(s) of the equation ( |3.7| ) one obtains an effective means of studying the spectral 
properties of the transfer function Mi(2;, F) itself. This is why the equation ( |3.7|) and its 
solutions represent one of the main subjects of the present work. 

Often it turns out to be convenient to rewrite Eq. ( p.7| ) in the form 

X = Vi{Ai\X,V) (3.9) 



where X = Y — Ai. Both equation ( p.7|) and its variant ( p.9| ) will be referred to in the 
following as the basic equations. Sufficient conditions for solvability of these equations are 
described in the following statement. 

Theorem 3.1 Let: 

a) a contour T be Ks-bounded; 

b) the spectrum of the operator Ai be strictly separated from the set cr'(Ao) U T , 

do{V) = dist{(T(Ai), a'{Ao) U T} > 0; (3.10) 

c) the inequality 

Vo{B,T)<^dliT) (3.11) 

be valid. Then Eq. (|3.9|) is uniquely solvable in any ball Si{r) C B(7ii,7ii) including oper- 
ators X : Til — s> Til the norms of which are bounded as \\X\\ < r with r such that 



rmm(r) < r < r^ax(r) (3.12) 



where 



and 



.(r) = ^ - Vo{B,T) (0 < r,„i,(r) < ^;o(r)/2) (3.13) 



rmax(r) = doiV) - VMBTn idoiT)/2 < r^,.(r) < d,iT)). (3.14) 

The solution X of Eq. ( |3.9| ) is the same for any r satisfying ( |3.12| ) and in fact it belongs to 
the smallest ball Si{r^i^) , \\X\\ < rmin(r). 



In the case where the spectra of Aq and Ai have no intersection, the equation (3.7) is reduced 
to the operator Riccati equation (|1.12| ) (see Sect. for details see Refs. |28-^). 
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Proof. The proof will be based on the Banach's Fixed Point Theorem. 

Let F{X) = Vi{Ai +X, T) with XESi{r). To begin with we search for a condition under 
which the function F maps the ball Si{r) into itself. Since, in view of (|3.12| ) and ( p.l4|) the 
condition < r < do, do = do(T) automatically holds, the spectrum of the operator Ai + X 
does not intersect the set <j'{Ao) U P because of condition ( |3.1(]| ). This means that for all 
/X e cr'{Ao) UP the resolvent {Ai + X — exists as a bounded operator in Tii. It follows 

from the estimate (|3.5| ) that 

||F(X)|| < Vo(5,P) sup \\{A,+X-fihr'\\. 

AtGo-'(Ao)ur 

Using the identity 

{Ai+X- = (Ji + {A, - M-'xy' {A, - fihy\ (3.15) 

one obtains the estimate 

"'■^■^^-''^■'"'« ^ i-ii(^.-M)-'iMi-yr "'-^--"^'^"'" 

1 1 1 

< 



1 _ _ do do-r 
do 

It follows from this estimate that the ball Si{r) is necessarily mapped by the function F 
into itself if the radius r and the value Vo{B, P) are such that 

Vo(5,P)--^<r. (3.16) 
do-r 

Now, we clarify the conditions for F to be a contraction. To this end we estimate the 
difference 



F{X)-F{Y)= J KB{dfi)T{fi) 



fT'(Ao)ur 

where 

T(/i) = (Ai + X - /xJi)-i -{A^ + Y- i2h)-' 

= {Ai+X- /i/i)-i {¥ -X){A, + Y- fih)-^ . 
Using again the inequality (|0| ) we find 

||F(X)-F(y)||< 

<Vo(5,P)- sup \\{Ai + X -fih)-'\\- sup \\{A^ + Y - fiIi)-^\\-\\Y -X\ 



Clearly, F is a contraction if 

Vo(i^,r) 

{do-ry 



<1. (3.17) 
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Under the condition (c) the inequahties ( p.l6| ) and ( p.l7|) considered together are just equiv- 
alent to the condition ( |3.12| ). Thus if the condition (c) is vahd, then F is indeed a contraction 
of the ball Si{r) into itself for any radius r satisfying (|3.12| ). This imphes that Eq. ( p.9|) 
has a solution in any such ball and this solution is unique. Consequently, the solution is the 
same for all the radii satisfying ( p.l2| ). Moreover, it belongs to the ball iSi(rmin) with the 
radius rmin given by ( |3.13| ). 

The proof is complete. □ 



Remark 3.1 It should he noted that the distance d^iV) = dist{a{Ai),a'{Ao) U F} always 
satisfies, of course, the inequality do(T) < dist{o"(y4i), £^c(^o)} where Sc{Aq) denotes the 
set of the end points jjlf^ of the intervals A^, k = l,2,...,m. Thus, the condi- 

tion ( |3.10| ) assumes that the distance between any two of the parts <7{Ai) fl A° of the spec- 
trum cr{Ai) lying inside the different intervals A°, k = 1,2, ... ,m is greater than 2do(T). 
The same is true for the rest part <j{Ai) \ a^A^) of the spectrum of Ai if it is nonempty: 
dist{cT(A) \ a(Ao), a{A,) n A^} > 2do{T), A; = 1, 2, . . . , m. 



Theorem 3.2 Let the conditions of Theorem |3.1| be valid for a Ks-bounded contour T C Dj 
and let X be the solution of Eq. (|3.9|) referred to there. Then the analogous solution X 
for any other Ks-bounded contour T C Di satisfying the estimate Vo(-B,r) < d^/A with 
< do = dist{cr(Ai), (t'{Aq) U r} < (io(r) coincides with X . 

Proof. The solution X satisfies the inequality ||X|| < r^i^^iT) with r^i^(T) given by ( p. 131 ). 
This means ||X|| < (io(r)/2. Similarly, ||X|| < (io/2. The resolvent {Ai — X — fi)~^ is, 
therefore, a holomorphic operator- valued function with its values belonging to B(7ii, for 
any /x G C such that dist{/i, (T(y4i)} > do/2. Recall that we consider only the contours which 
result from a continuous deformation of respective spectral intervals A^, k = 1,2, ... ,m. 
The paths T,T C Di are supposed to belong to this class of contours. So that the contour T 
may be continuously transformed to the path F in such a way that for any intermediate paths 
r' one still has dist{a{Ai), a'{Ao) U T'} > do, since do(T) > do. In view of holomorphy of the 
resolvent {Ai—X—fi)~^ for fi such that dist{/i, a{Ai)} > do/2 one finds immediately that the 
r. h. side of the equality (|3.9|) for X, X = Vi{Ai + X, F'), remains fixed when one transforms 
r from f to r, keeping d\.st{a{Ai), a'{Ao) U T'} > do (or even dist{a(Ai), a'(Ao) U T'} > 
do/2). This means that X satisfies exactly the same equation X = Vi{Ai + X, F) as X. 
According to Theorem |3.1| , the solution of Eq. ( p.9| ) is unique and the same in any ball 
iSi(r) C B(7-^i,?ii) with r satisfying ( |3.12| ). In particular, the value r = do(T)/2 can also 

be substituted into (|3.12| ). Meanwhile, X G 5i(fmin) with fmin = do/2 — \J c/q/4 — Vo(-B, f ). 

Obviously, fmin < do/2 < (io(F)/2, since do < doiV) according to our assumption. Hence, X 
must coincide with X. This completes the proof. □ 



Corollary 3.1 Theorem |3.2| shows that, for a fixed multi-index I , the solution of Eq. ( p.9|) 
referred to in Theorem p.l| is unique and the same for all the K s-bounded contours F/ C Di 
satisfying the inequality ( |3.11[ 



Moreover this solution satisfies the estimate 
\\X\\<ro{B) 



(3.18) 
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with 



ro{B)= inf r^i„(rO (3.19) 

r,:a;(iJ,r,)>0 

where rmin(r/) is given by ( |3.13| ) while 

uj{B, Ti) = dliVi) - 4Vo(5, r,). (3.20) 
The value of ro{B) does not depend on the index I. 



This corollary is an immediate consequence of the statement of Theorem |3.2| . The only 
thing we want to show is the independence of the radius ro(-B) on /. To prove this, let us con- 

m 

sider a i^^^-bounded contour Ti (Z Di, Ti = |J Tj^. Denote by F^/ a contour which is obtained 

k=l 

from Ti by replacing a part of the curves rj^ with the conjugate ones, r^,"'*"^ = {a* ^ 7^ ^ rj^}. 
Obviously, such a replacement generates, in additional to F;, 2"* — 1 different contours F;/ 
for = {l[, I2, ■ ■ ■ , I'm) with = ±lk, k = 1,2, ... ,m. For any such contour the value of 
Vo(-B,F;') is the same, namely 

Vo{B,T,)=Vo{B,Ti). (3.21) 

Indeed, 



\df,\\\K'M\\ = I m\\K'j,{jl)l k = l,2. 



m. 



^ k ^ fe 



But, according to 



m \\KM\\ = / rn'MYw = / M \\KM\\ 



■p^k p^fe p'fc 



So that nothing happens to the value of J \dfi\ ||i^'^(/x)|| when one replaces F; by F;/. But 



this just means that Eq. ( pj.21[ ) holds true and, hence, the infimum ( p. 19] ) acquires the same 



value for any /. □ 

So, for a given holomorphy domain Di the solutions X and Hi, Hi = Ai + X, do not 
depend on the /^B-bounded contours F^ C Di satisfying the condition ( |3.11| ). But when 
the index / changes, X and Hi can also change. For this reason we shall supply them in 
the following, when it is necessary, with the index / writing, respectively, X^''^ and h[^\ 
Hi ^ = Ai + X^'-\ In fact, it follows from Eq. ( p.21|) that if the conditions of Theorem 3J. 



are valid for a contour F^, then they are valid for the remaining 2™ ^ contours F^/ described 
above, too. Therefore, Theorem ^]l| guarantees us, in general, the existence of the 2"* 
solutions X*^'^ to the basic equation ( p.7| ) and, hence, the 2"* respective solutions Hf^ to 
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the basic equation 
and (K^). 



In the following we shall deal only with these solutions^ of ( p.7|) 



independent, for a given 
is also a solution of this equation 



Lemma 3.1 The above solution X*^'^ of the basic equation 
Di, of the contour T I C A satisfying the condition (|3.11 



for any other K s-bounded contour Ti C Di satisfying only the condition 

dist{cr(Ai),a'(Ao)urj >ro(5). 



(3.22) 



Proof of the lemma is reduced to an appropriate continuous deformation of the contours, 
starting from a contour satisfying (|3.11|) and finishing with a desired contour satisfying only 
the condition (|3l22|) . □ 

Concluding the section we would like to make the following 

Remark 3.2 IfVi a Di is a Ks-bounded contour satisfying the condition (|3.11| ), then the 
resolvent set of the transfer function Mi{z,ri) in the domain D{ri) bounded by the curve Ti 
and the set IJ^^ is not empty. Moreover, the curve 

dist{z,aiA^)} = ^^ (3.23) 

including its part belonging to D{ri) is entirely embedded into the resolvent set of Mi{z,ri) . 
In fact, there is a vicinity of the curve ( |3.23| ) in D{ri) which is entirely included in this set. 

It follows from the statement of Remark |3.1| that the curve (|3.23|) consists of m distinct 
components surrounding respective parts cr(Ai) fl A° of the spectrum of Ai lying inside the 
intervals A^, k = 1,2, ... ,m and, if cr{Ai) \ a{Ao) ^ 0, another component surrounding 
the rest of the set oi^Ax) lying outside ^"(Ao). Every such a component is symmetric with 
respect to the real axis. 

Obviously, the component of the curve ( p. 231 ) surrounding the set cr(Ai) \ cr(y4o) belongs 



to the subdomain of C where M\{z,V\) coincides with the initial transfer function M\{z). 
Thus, at least complex points of this component belong to the resolvent set of M\{-,Yi). 
The component of ( |3.23| ) surrounding the set cr(y4i) fl A^ for some = 1, 2, . . . , m is entirely 
included in the domain -D(rjf) U /^(r^^'*"^) U A° where DiJ^^) denotes domain bounded by 
the contour F^f and interval A° while Di^']^^^^') stands for domain symmetric to with 
respect to the real axis. Since the function M\{^z,Yi) coincides in -D(r[. '''■') with Mi (2;) (see 

Remark p.l|) , any point of ( |3.23|) lying in Z)(r[.~''°'') automatically belongs to the resolvent 
set of Mi(-,ri). 

Further, we show that any z G D^^i) lyi'^S ^he curve (|3.23D satisfies the inequality 



dist{z, a'(Ao) U rj > . (3.24) 



Surely, Eqs. (^J) and (|3.9D are non-linear equations and, outside the balls ||X|| < rjnax(r)j they 
may, in principle, have other solutions, different from the X^') or the existence of which is 



guaranteed by Theorem 3.1 
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We prove (|3.24|) by contradiction. Let us suppose that there is a point z G sat- 
isfying d^l) and such_that dist{z, cr'(Ao) U T;} < (io(ri)/2. Note that_dist{5, cr'(v4o) U 
F;} = distjS, (T'(y4o) U F/} where as usually overlining in the notation F/ means closure 
of F/ (in the case, making the closure means addition to F; of respective end points). 
Since both sets cr'(Ao) U F^ and cr(Ai) are closed, this imphes there exists points zq E 
cr'(Ao) U F; and Zi G cr(yli) such that \z — zo\ = dist{z,a'{Ao) U F;} < do(Ti)/2 and 
\z — Zi\ = dist{z, cr(y4i)} = (io(F;)/2. Then it follows from the Triangle Inequality that 
(io(Fi) = dist{cr(y4i), cr'(y4o) U F;} < \z — zo\ + 1^ — zi\ < do(Ti) and, hence, one comes to a 



contradiction. Consequently, any z G D(Ti) lying on the curve ( p.23|) must satisfy ( |3.24|) . 
Obviously, for z satisfying (|3.23| ) and ( p.24|) we have 



dist{z,a'{Ao)UTi} 
and 

\\(A A-'^v(^r\\\< ^o(-^'^') ^ Vo(^,F;) ^ 

Thus Mi{z,Ti) is invertible, 

M^\z,Ti)= (/i + (Ai-z)-Vi(z,Fz)) \A,-zy\ 



and 



\M,'\z,Ti)\\ < 



dm/4 

In the same way one can show that any real z lying on the curve ( p.23|) also belongs to the 
resolvent set of Mi(-,F/). 

The last statement of the remark is true due to the fact that each regular point of 
Mi(-, F;) is included in the resolvent set together with a certain open neighborhood. 



4. A FACTORIZATION THEOREM AND ITS IMMEDIATE CONSEQUENCES 

As a next step we prove the factorization theorem for the transfer functions Mi{z,ri). 
This statement will play an important role when we study the spectral properties of the 
operators h[^\ 

Theorem 4.1 Let F; be a KB-bounded contour satisfying the condition ( p.ll| ) and Hf^ = 
Ai -fX^') with X^^^ the above solution of the basic equation ( |3.7| ), < ro(-B). Then, for 

^ G C \ (cr'(Ao) U F;), the transfer function Mi{z,Ti) admits the factorization 

M,{z,ri) = W,{z,ri){H? -z) (4.1) 
where Wi{z,Ti) is a bounded operator in Hi, 

Wi{z, Ti) = h- [ KB{d^i)^—{H? - /i)-i (4.2) 
<7'(Ao)ur, 
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which is boundedly invertible for dist{z,a{Ai)} < do{Ti)/2 and 



\[W,iz,Ti)]-'\\ < ^j^fj^ < oo. (4.3) 



It should be noted that the above statement recalls the known factorization theorem by 



A. I. ViROZUB and V. I. Matsaev |^ being valid for a class of selfadjoint operator-valued 
functions (see also fS^). The results of the paper are just based essentially on this 
theorem. However, in the case we deal with in the present paper, the function Mi{z,ri) 



does not satisfy the conditions of Moreover, it is not even a selfadjoint operator- valued 



function in the sense of 42 



Proof of Theorem For z G C\ (cr'(Ao) UF;), the boundeness of the operator Wi{z, Ti) 
given by ( [4.2|) is evident. To prove the factorization (|4.1| ) we note that for any z ^ (j'(/lo)UF; 



W,{z,Ti){Hl 



(0 



HI 



(0 



Ksidfi)- 



fi — z 



z . 



(4.4) 



<7'(Ao)ur, 



Since {H? -fi)-\H[ 



Ji + (yU — z)[Hf'^ — z) ^, one finds 



Ksidfj,)- 

a'{Ao)uri 

Ksid^)- 



H — z 
1 



r(0 



a'(Ao)Uri 



H — z 



KB{dii){H\ 



(0 



a'{Ao)yjTi 



But according to ( |2.7|) and ( pl^ 



Ksidfi)- 



fi — z 



Ai- z- Mi{z,Ti 



(r'(Ao)ur, 



while according to 



KB{dfi)iHl 



(0 



<7'(Ao)ur, 



Making use of these expressions one immediately obtains Eq. ( [4.1|) . 

Further, we prove that the factor Wi{z,ri) is a boundedly invertible operator if the 
condition distj^, (j(Ai)} < c/o(Fi)/2 is valid. Under this condition one finds |/i — 2;| > 
dist{z,cr'(Ao) U F/} > rfo(r/)/2, since dist{a{Ai),a'{Ao) UF/} = do(F/). On the other hand, 
//f = Ai + XC) with ||X«|| < do{Ti)/2 and, for /i G a'{Ao) U F^, 



4(ro/2' 



(4.5) 
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So that 

J - ^ 

a'(Ao)ur, 

This means that the estimate (|4.3|) is true. This completes the proof. □ 



Vo(a,r,) 
* (d„(r,)/2)2 ^ ^ 



Corollary 4.1 T/ie statement 0/ Theorem |4.1| regarding the bounded invertibility of the 



operator Wi{z,Ti) remains valid for z in the domain 

DeiTi) = |z : ze D{ri),dist{z,a{A,)} < ^^^| (4.7) 

where 

c^max = sup do{T) (4.8) 



wi/i ix;(i?, r) g'zven by Eq. ( p.20[ ) w/iz/e i/ie va/tte of e > can be taken arbitrarily close to 
zero. 

Indeed, we note, first, that the value of dmax does not depend on the index / of the 
contour in (|4.8[), for the same reasons that ro(-B), given by ( |3.19| ), does not depend on I. 
Second, according to the definition of (imax, for any e > there exists a -ft^B-bounded contour 
Ti^e C Di satisfying (|3.11|) such that do(Ti^s) > c?max — Therefore, we can apply Theorem |0| 



to Mi{z,ri^s)- Meanwhile, Mi{z,ri) = Mi(z,r,,e) for z G D{ri) nD{ri^,) (see Sect, g) and 
Wi{z,Ti) = Wi{z,Ti^s) for such z, too. One checks the latter equality simply by deforming 
the contour Ti to in the explicit formula ([4.2|) . But this just implies that Wi{z,ri) is 
boundedly invertible for any z G D^(Ti), since Wi{z,Ti^) posesses this property. 
□ 

It is easy to write some simple but useful relations between a part of the operators 
h[^\ Namely, we derive such relations between Hf^ and h[~''\ (—1) = (— /i, —I2, • • • , —Im) 
where 4, k = 1,2, ... ,m, stand for the components of the multi-index / = (Zi, Z2, • • • , Im)- 
According to our convention, r(_;), r(_;) C D{-i), is a contour which is obtained from the 

contour Ti by replacing all the components T''j^ with the conjugate ones 



Lemma 4.1 Let Ti C Di be a K^-bounded contour for which the conditions 0/ Theorem 3J. 
are valid. Then for any z E C \ (cr'(ylo) U Ti ) the following equality holds true: 



W,{z, rO - ^) = (i/J-')* - z) [W,{z, !(_,))]* . (4.9) 

Proof. For Mi(z, F/) we have the factorization formula (|4.1| ). The same factorization 
holds as well for Mi{z, F(_/)), 

Mi(z,F(_,)) = W^i(z,Fh)) [nt'^-z) . (4.10) 
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It is easy to check that for z ^ o"'(Ao) U r(_^) and, thus, for z ^ o"'(y4o) U Vi 



Ml (^, !(_,)) 



(4.11) 



The equahty (|4.9|), thus, follows immediately from Eqs. (^?1|), ( |4.10| ) and (^4.11| ). The proof 
of the lemma is complete. □ 



It is worth noting that 

w^i(^,r(-/)) 



h 



HI 



(-0* 



(4.12) 



a'{Ao)Ur, 

while the X*^"'-** determining h[ = + X*^~')* satisfies the equation 



(4.13) 



a'{Ao)uri 



One supposes here that dist{a{Ai),a'{Ao) U r(_;)} > ro(-B). If, additionally, the condi- 
tion ( |3.11| ) is valid for F;, then X^"')* is the only solution of this equation. The proof of this 
statement repeats literally the proof of Theorem |3.1| . 

Theorem 4.2 The spectrum a{Hf') of the operator Hf^ = Ai+ X^'^ belongs to the closed 
ro{B) -vicinity (^i) of the spectrum of Ai, Or^iAi) = {z E C : distj^;, cr(y4i)} < ro(-B)}. 
If a contourVi C Di satisfies ( |3.11| ), then the complex spectrum of H^^ belongs to DidOroiAi) 

while outside Di the spectrum of uf^ is pure real. Moreover, the spectrum a{H[''^) coincides 
with a (subset of the) spectrum of the transfer function Mi{z,ri). More precisely, the spec- 
trum of Mi{z,Ti) in Odo/2{Ai) = {z : z E C, distj^, (j(y4i)} < do{Ti)/2} is represented only 

Also, the following more 

(4.14) 
(4.15) 



by the spectrum of Hf \ i. e. a(^Mi(-,r,)j n 0^0/2(^1) = a{H[ 
detailed relations hold: 

ap(i7f^) = ap(Mi(-,r0) na„/2(Ai), 



Proof. The spectrum of H^^ belongs to Oro{Ai), since the estimate ( p.l8|) is valid 
for X*^'). The statement regarding the spectrum of Mi{z,Ti) follows immediately from the 
factorization formula ( |4.1| ) 



[M,{z,Ti)]-' = {H? - z)-'[W^{z,^,)]-\ (4.16) 



since [iyi(z,r/)] ^ exists and is bounded in Odo/2iAi). Since outside D{Ti) the transfer 
function Mi{z,ri) coincides with the physical-sheet transfer function Mi{z) (see Remark 



2rT[) , the spectrum of Mi{-,Ti) belongs to R or D{Ti). But, as we have already established, 
the spectrum a{H'f') represents all the spectrum of Mi{-,Ti) situated in OdQ/2{Ai). Hence, 



22 



the points z G a{Hf'') also belong to R or D{Ti). This just means that for complex z G 

) we have z G 0^,(^1) ^ A- 
According to (^4.16| ), not only the location of the singularities of [Mi(z,ri)]~^ and 

(iff"* — z)^^ coincide, but the properties of these singularities are also the same and, hence, 
Eqs. (|i?T^ ) and are valid. 



The proof is complete. □ 



Corollary 4.2 It follows from Corollary [4.1| that, in fact, the complex spectrum of the 
transfer function Mi{z,Ti) is only represented by the spectrum of h[''^ even in a widen 
domain than in the statement 0/ Theorem |4.2| ; namely, in the domain D(ri) fl Odmax/2(^i)- 



Theorem 4.3 The spectrum of the operator HI coincides with the spectrum of the op- 
erator . Moreover, 

ap{Hi~'^*) = a,{H?) = a^{M^{-,Vi)) n ao/2(A), (4.17) 
a,{H[-'^*) = a,{H?) = a,{M,{-, T,)) n ^0/2(^1), (4.18) 

where Ti stands for an arbitrary Ks-bounded contour Ti C Di satisfying the condition ( |3.11| ). 



Proof. This statement is an immediate consequence of Lemma [4.1| . For a K^-bounded 
contour Ti C A satisfying the condition ( p.ll|) both operators Wi{z,Ti) and [iyi(z, r(_/))]* 
are boundedly invertible for z G 0^0/2(^1) and, recall, dQ(Ti)/2 > ro(-B). Meanwhile, 
according to Eq. 



{H['^ - zr'[W,{z,rO]-' = [W,{z,r^^,))r-\H[-^^* - z)-\ (4.19) 

Therefore, the singularities of the resolvents (-f^i''' — z)~^ and {h[ — z)~^ have the same 
location and properties as those of [Mi(2;, F^)]"^ in 0(iQj2{Ai). This assertion implies the 
statement of Theorem. □ 



Theorem 4.4 Suppose that two different domains Dii and Din include the same subdomain 
for some k = 1,2, . . . ,m, i. e., l'^ = l'^ = Ik- Then the spectra of the operators H{ and 
^ in D^^ coincide, 

asiHP) n Di' = <j,{hP) n D'^ (4.20) 

where s = p or s = c. 



Proof. The statement follows again from Eq. ( |4.16| ) and from the identity of Mi{z, F;/) and 



Mi{z,Tiii) for z G DiVii) fl DiVin) fi D^^ , F^/ and F^" being arbitrary i^'^-bounded contours 
satisfying ( p.ll|) . □ 
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Corollary 4.3 (Symmetry of the resonance spectrum with respect to the real axis) The 
spectra of any two operators H^^'^ and iJ^'"^ for I' = I2, ■ ■ ■ , I'm) o.'i^d I" = (/'/, I2, . . . , Z^) 
are related to each other as follows 

ril") 



k 



where the symbol "*" denotes complex conjugation and, as previously, s = p or s = c. 
In the following we shall use the operators 

n^'^ = j {Ht^^* - fi)-'KBidf^) {H? - li)'^ (4.21) 



a'{Ao)yjTi 



acting in Tii, where F/ stands for a f^^-bounded contour satisfying the condition ( p.llD 



The operator Vt^^'^ does not depend (for a fixed /) on the choice of such a F^. In the same 
way as we came to the estimate ( |4.(j| ) one can obtain the following estimate for QP"^ (see 
Lemma [B.4| of Appendix O) : 



Vo(S,F, 

Obviously, we have the equality 



QW* = Qi-0_ (4.23) 

It should be noted that in the case where the spectra of the entries Aq and Ai do not 
overlap, the operators ( |4.21| ) as well as the operators h[^^ do not depend on /. In this 



case one 



has Hi = Ai + BoiQoi with the contraction Qoi = J Eo{djj,)Boi(Hi — fi) ^, 

Qoi : Hi ^Ho (see Theorem 5 of Ref. |0|; cf. i,|,il), and = Ql^Qoi- Changing the 
inner product in Hi to [•, •] = ((/i + Q)-, ■) turns Hi into a self-adjoint operator. However, 

in the case we consider in the present work this is in general not true since H^^ can have a 
complex spectrum. 

Theorem 4.5 The operators Q^''^ possess the following propertie^: 

-^J dz[Mi{z,ri)]-' = {Ii + Q^\' (4.24) 
7 

and 



^For the case where Ai = XIi with A € M and dim Hi < 00 one can find formulas similar to those 
in Eqs. (|^) and (|^) in the final part of Sect. 4 of Ref. ||. See also |2|,|3,|2|. 
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/ d^^[M,{z,Ti)]-' = {h + n^'^)-^H[-'> = Hf\h + n^'^)-^ (4.25) 

7 

where 7 stands for an arbitrary rectifiable closed {including the points at infinity if the entry 
Ai is unbounded) contour going in the positive direction around the spectrum of Hf^ inside 
the set Cdo(r)/2(^i)- The integration over --^ is understood in the strong sense. 

Proof. First, we note that, using the Closed Graph Theorem and the definition ( |B.7[ ) 
of the integral ( f4.21| ), one can easily check that for any ui G "D (if !"'■**) = ^{Ai) the image 
VL^^\i belongs to P(iff^) = V{Ai). And due to (|]2|) the operator h + Vt^^^ is a bijection 
oiV{Ai) on V{Ai). 

Further, we prove the validity of Eq. (|]2|). At the be ginning we recall that if 
z G OdQ{Ti)/2{Ai), then the factorization ([4.16|) and ( [4.19|) holds for [Mi{z,Ti)]~^ with the 
holomorphic functions [Wi(^, F/)]"^ and [iyi(^, F(_i))]*~^ taking their values in B(7ii,7ii). 

Meanwhile the product VL^^\Hf^ — z)~^ can be written as 



with 



SJ<'>(ff!"-z)-i=Fi(j)+F2(;) 



F,W= / (g!-"--rt-A-,w«-,)- ^^^^ 

J fi z 

a'{Ao)UTi 



and 



smce 



F2{z)={[W,{z,T^_i^)r-h){H[ 



- zr\ 



and since [1^1(2;, F(_/))]* is given by (|4.12| ). Therefore, 
(/i + fi«)[Mi(z,FO]-^ = 

= [Mi(z,F0]-^ + Fi(z)[W^i(z,F0]-' + ([PFi(^,F(_;))]*-/O[Mi(z,F0] 



-1 



F,{z) [W,{z,Ti)r' + {H[ 



Z 



One should notice that the function Fi{z) is holomorphic in z inside the contour 7, 
7 C Odo{Ti)/2{.Ai), since the argument /i of the integrand in (f4.26|) belongs to o"'(Ao) U F; 
and, thereby, always \z — ii\ > (io(F;)/2 > 0. Thus the term Fi{z)\Wi{z^Vi)\~^ makes no 
contribution to the integral 



j rfz(/i + f]('))[Mi(z,F 



while the resolvent {h[ — z)^^ gives the identity Ji. Therefore, we have proved that 
Eq. ( 4.24 ) is indeed valid. 

Regarding Eq. (|4.25| ) one finds 
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7 



= -^J dzzF,{z) [Wr{zJ,)]-'-^^ j dz z {h[-'^* - z)-' 

7 7 

i—V)* 

where only the last integral is non-zero, giving a contribution just equal io Hi . The 
second equation of ( |4.25| ) can be checked in the same way. The proof is complete. □ 



Remark 4.1 The formula ( [4.25 ) implies 



Theorem 4.6 Let A he an isolated eigenvalue of the operator uf^ and, consequently, of the 
operator h[ and of the transfer function Mi{z,Ti) taken for a Ks-bounded contour Ti 
satisfying the condition ( [j.ll| ). Denote by Pf^ and P^"'-'* the respective eigenprojections of 
the operators h[^^ and and by the residue of Mi{z, Ti) at z = X, 

P? = -^ / dziHf^-z)-\ (4.27) 

7 

p['^> = -^!dz {H[-'> - zr 



2tx\ 



and 



where 7 stands for an arbitrary rectifiable closed contour situated in a sufficiently close 
vicinity of the point A and going in the positive direction around A so that 7 fl = and no 
points of the spectrum of Mi{-,Ti), except the eigenvalue X, lie inside 7. Then the following 
relations are valid: 

= (Ji + Q^'Y^ = (Ji + Q'^'Y^ . (4.28) 



Proof is carried out in the same way as the proof of the relation ( [4.24| ) in Theorem ^.5| , 



only the path of integration is changed. □ 

5. SOME PROPERTIES OF REAL EIGENVALUES 

If A is a real eigenvalue of Hi \ then it can not belong to the spectrum (j'{A(j) of the 

(0 



entry Aq lying outside U A^. Indeed, according to Theorem [4.2| , the spectrum of i?} 

k=l 
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for arbitrary / is situated in tlie ro(-B)-vicinity Org{Ai) of the set <j{Ai) and in any case 
ro(-B) < ^dist{(T'{AQ),(T{Ai)} so that automatically 

a'{Ao) n o-(iff ) = and in particular a'{Ao) n ^^(//f ) = . (5.1) 
Hence, such a A belongs either to the resolvent set p{Ao) of the entry Aq or it is embedded 

m 

into the continuous spectrum of Aq in U ^fc- 

fc=i 

Lemma 5.1 If a vector ip^^'^ G 'D{Ai) is an eigenvector of Hf^ corresponding to a real 
eigenvalue A G p{Aq), //fV-^-* = A^^^^^, then the vector ^ = (^/;(°), ^/'(i)) G H with 

= -i?o(A)i?oi^(') (5.2) 

zs an eigenvector of H, H\E' = A\E'. The converse statement is also true: if \, \ E p{Aq), 
is a real eigenvalue of Hf'' and H\E' = A^' for some 

m = (^(o),^/,(i)) with G V{Ao) and 

^(1) g D(Ai), t/ien zs related to ^jJ^^^ as in ( |5.2| ) (anc?, therefore, ip^^'^ can not be zero) 
andHf^^^^'^ = A^W. 

Proof. Let us consider a A'^-bounded contour C Di satisfying the estimate ( p.ll[) . 
Since A G p{Aq) fl M, and therefore A ^ -D(ri), we have 

Mi(A,rO=Mi(A). (5.3) 

So that, according to the factorization formula (|4.1| ), the eigenvector ip^^^ of Hf^ is auto- 
matically an eigenvector of the initial transfer function Mi(-), 

(Ai - A - 5io(Ao - A)-i5oi)7/'(i) = 0. 

Introducing ip^'^^ via ( |5.2| ) one immediately finds that \E' = (■?/'*^°'', ■i/''^^)) turns out to be an 
eigenvector for H, H\I' = A\l'. 

For the converse statement one first observes that if H\E' = A\E' with = (ip^^\%p^^^) (and, 
thus, Ao^p^^^+Boi^^^'^ = A?/'^°)), then Eq. (^) holds true. But this means that Mi(A)V'^^^ = 
and, hence, Mi(X,Ti)^^^^ = is also true. Then, due to Eq. ( |4.1| ) and invertibility of 
Wi{X, Ti) (see Theorem^), ^(^^ is an eigenvector of , i/J'V^^^ = A^^^^ □ 



If an eigenvalue A of ijf belongs to A° = [p^^ , pf^) for some A; = 1, 2, . . . , m, then 

\\-pf\> dist{/ii*\ a(Ai)} - ro(5), z = 1, 2, 

and, therefore, the A is situated in this case strictly inside the interval A°. Recall that 
according to our assumption the entry Aq has no point spectrum inside A^. Since A^ is a 
part of the continuous spectrum of Aq, the resolvent Rq{z) = {Aq — z)~^ for 2; = A±iO exists 



being however an unbounded operator. Nevertheless a statement analogous to Lemma pA. 
is valid in this case, too. 
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Lemma 5.2 // a vector ip^^'^ G T){Ai) is an eigenvector of Hf^ corresponding to a real 
eigenvalue A G = (/ii^'', /wi^^), /c = 1, 2, . . . , m, Hf^il)^^^ = Xip'^^^ then either 
a) EO(/i)5oiV^(i) = for all jj < 

or 

h) E%fi)BoiiJ^^^ ^ for any /i G 

c) the function \\E^(fi)BQi'ilj^^^\\ is differentiable in /i on 
and 

d) -^||i?°(/.)5oiV^«|| =0. 

In both cases the vector tjj^^^ given by ( p. 21 ) exists in 'D(Aq) and \I/ = (tp^^\tp^^^) is an 
eigenvector o/H, H\l/ = A\l/. 

r/ie converse statement is also true. Namely, if a = {il)^^\il)'^'^'>) with tp^^^ G T>{Aq) 
and V'(i) G V{A i) zs an eigenvector of H, H\l/ = A\l/, corresponding to an eigenvalue A of 

Hf\ A G A^, then either the condition (a) is valid or the conditions (b-d) are valid. In 
both cases the relation ( |5.2| ) is retained meaning, in particular, that ip^^^ ^ and ip^^^ is an 

eigenvector of Hf^ corresponding to the eigenvalue A. 

Proof. We first prove the direct statement. To this end we consider the equality 

(ijfV(^\^^^)) = A||^«f, AGA°, 
which becomes, according to Eqs. ( p. 71) and (|3.8| ), 



,(..)+ / <^-^'y"-^"') ^0. (5.4) 
J A - /i 

a'{Ao)\JTi 

Since the denominator of the integrand is non-zero for /i G (j{Aq) \ A°, we can deform the 
part Ti \ of the contour Ti in ( ^.4|) back into the intervals A^, i = 1, 2, . . . , m, i 7^ /c. As 
a result, Eq. (|5.4|) acquires the form 



((Ai-A)^«,^«) + 



A — /i 
J A -/i 

Obviously, the first and second terms are real, and an imaginary component may appear in 
the 1. h. side of Eq. ( |5.5| ) only in the third term. To find this component one can simply 
transform the integration path to the two intervals [^^^\\ — e] and [A + and the 

semicircle |/i — A| = £, 4 ■ Im/x > 0, between them. Then taking the limit e | one obtains 

In,/., <^«'f'''-^^'''V /...i(n(A)V.'''../->)^0, 
J A - 

Therefore, we have 

(n(A)^«,^«) = 0. 
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Meanwhile, for any Ui G Tii and fi G 



ct/i d/i 



Thus, the condition {K'q{\)ui,ui) = imphes that either ||_E'°(A)i?oiMi|| = or, 
if ||-E''(A)i?oiiii|| 7^ 0, then the function ||i?°(/i)i?oiMi|| is differentiable at fi = X and 

-^||E°(/i)5oiMi|| =0. 

Since ||-E'''(yu)i?oi^ii|| is a non-decreasing function of the variable /i, in the first case 
we have to conclude that \\E^{fi)BoiUi\\ = for all < A and, hence, {Kb{ij)ui,ui) = 
||£^°(/i)-BoiMi IP = for /i < A, too. Since {Kb{ij)ui,ui) is supposed to be a holomor- 
phic function of /i G -D^'' we find {Kb{iji)ui,Ui) = for G Z^^* and, consequently, 

||£'°(/i)i?oiMi IP = {Kb{h)ui,ui) = for a < yU < /i^^"*, too. So that we come to the condition 

(a) . Applying this condition to ui = ip^^^ we find that in this case the formula (|5.2| ) makes 
sense and \& = {^^^\ tp^^^) with tp^^^ = —Rq(X ± 10)501^^"^-* G 'D(Aq) is an eigenvector for H. 

In the second case the (non-decreasing) function \\E'^(n)Boiip^^^\ is non-zero (condition 

(b) ), and differentiable at any /i G A° (condition (c)), and —\\E^{fi)Boiilj^^^ 

(condition (d) ). So that for any finite e,ri > such that [A — e, A + r^] C A° we have the 
estimate 

^+'' -^\\Eo{dfx)Boii;^'^\\ 



= 



< / ^/i . <C{E,n) 

X — 



A — /i 

A— £ A— e 

with some positive C{e,vi) < oo. Consequently, the integral 

Eo(d/i)5oi^(l) 



-i?o(A±iO)5oiV'^^)= J 



X — fi 



exists and determines an element ijj^^^ G 'D(Aq) such that again for ^ = [^Jj^^\ ^^■^^) one finds 
= A^. 

Let us now prove the converse statement. First, we note that if H\E' = X'^ with \& = 

(V'(°\V'^^^), e V{Ao), V'(^) G P(v4i), then 

(Ao - A)V^W = -Soi^(i^ (5.6) 
Let E^^{fi) be the spectral function corresponding to the absolutely continuous spectrum of 
Aq, E^^{fi) = Eq'^(^{—oo, . Applying the projection Eq^{6) with 5 C A° to both parts of 



Eq. ( [5.6| ) we obtain 

- A)dE°,(/i)V^W = - / dE°(/x)5oi^(^) 



(recall that we assume Eo{6)Bqi = Eq'^{6)Boi for any Borel set 6 C UfeLi ^fe)- Thus, for the 
norm squares, one finds 

(/.-A)Mi?l(/i)^W,^W)= / d/i(i^^^^«,#)). 
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for an arbitrary interval S C A^. Since the function {E'^^[^)ip'^^\ip^^^) is absolutely continu- 
ous and, hence, almost everywhere differentiable, one further finds 

for almost all /i G A^. Meanwhile, the derivative —{E^^{ij)ip'^^\ip^^^) is an element of 



Li \ Oac{AQ)j . That is, the function {K'^{^)il)'^^\ ip'^^'^) ■ (/x — A) ^ must also be integrable over 

any interval 5 C A°. Surely, this is possible only if {K'^{\)ip^^\tp^^^) = 0. Now one need 
only repeat the respective consideration from the proof of the direct part of the lemma and, 
as a result, come to the conditions (a) or (b-d). With these conditions the formula ( ^.21) 
is again correct. The only thing which must be stressed in the case of the condition (a) 
is the fact that Boiip^^'^ 7^ if ip^'^'^ 7^ 0. Indeed, according to Eq. ( p.6| ) the assumption 
Boiip^^^ = implies that A G (jp(Ao). But this contradicts our initial assumption regarding 
continuity of the spectrum of Aq within the intervals A°. Thus, can not be zero and 
Ml (A ± iO)V^(^) = 0. This also means that Mi(X,Ti)'ip^^'^ = for arbitrary i^s-bounded 
contour Ti C Di satisfying the condition (|3.11|) . Then applying Theorem [4.1| we conclude 

that H^^ip^^^ = Xip'^^K The proof is complete. □ 



Remark 5.1 In the above proof we have also found that if an eigenvalue A o/if| is embed- 
ded into an interval A^, k = 1, 2, . . . , m, then the function {K'^{n)ijj^^\ ijj^^^) ■ (/i — A)^^ with 

ip^^'^ an eigenvector of Hf^ corresponding to the A is integrable over every interval 6 C A°. 
In fact, this means that not only {K'g{X)i)^^\i)^^'^) = but also 

= 0. (5.7) 



The latter statement follows from the fact that the function {K'q(X)iP^^\ ^^^^) is holomorphic 
with respect to the variable /i in any vicinity of the point A included in A^ U Djp U D'^ (and, 
moreover, this function is non-negative for fi G A°). □ 



Corollary 5.1 The statements 0/ Lemmas ^]T| and |5.2| imply ap{Hf^) C o"p(H). Also, 
it immediately follows from these lemmas that any eigenvector ip^^^ corresponding to an 
eigenvalue X G ap{Hf'') flM 0/ the operator ijf-* = A + X'^^'^ for a certain I = (/i, I2, . . . ,1 
such an eigenvector, Hf ''■ip^^^ = Xip''^\ for the remaining 2™^-*^ operators h[ 



in 



for I' = [I'l, . . . , l'^) with arbitrary = ±1, A; = 1, 2, 
the same for all the 2™ operators Hf'' . 



m. 



2, . . . , ImJ IS 

(0 



Thus, the set CTp{H\ ) fl 



IS 



Lemma 5.3 // some X, X E M is an isolated eigenvalue of the operator = Ai + X^^'^ 
for some V = {l[,l'2, . . . , l'^), then this X is also such an eigenvalue for the remaining 2"^~^ 
operators Hf^ = Ai + X^^^ for I = (/i, /2, . . . , Im) with arbitrary Ik = ±1, k = 1,2, ... ,m. 
Moreover, the resolvents for all the 2"* operators Hf^ have a pole of the first order at z = X 
allowing the decomposition 
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(0 



)(0 



A 



+ 1^ 



(^) 



(5.8) 



with Rf\z) holomorphic in a vicinity of X. 
does not depend on I, since it is the residue of the initial inverse transfer function Rii{z) 
[Mi{z)]-^ at z = X, 



Also, the factorization ( 4.281) holds where P[^^ 



P. 



(0 



u — lim(A — z)Rii{z) 



(5.9) 



Proof. As the factorization formula (|4.1|) is valid for Mi {z, Ti) , any isolated real eigenvalue 
of iff "* is at the same time such an eigenvalue of Mi(-, F;). Since in C \ D(r/) the function 
Mi{z,Ti) coincides with the initial (i.e., not continued yet through the continous spectrum 
of the entry Aq) transfer function Mi{z), the point A must produce for M^^^z) the same 
singularity as for [Mi{z, F^)]"^. Meanwhile, due to the representation ( |1.4] ) for the resolvent 
R(z) = (H — z)~^, any singular point of the block component Ru{z) = M{^{z) of R(z) 
produces a singularity of the Il{z). Since H is a selfadjoint operator, any such a point of 
Rii (z) can only be a pole which is maximum of the first order (even if it is embedded into the 
continuous spectrum of H). Since all the above is true for arbitrary index / = (/i, ^2, • • • , Im), 
Ik = ±1, k = 1,2, ... ,m, and since the relations (|4.28|) hold, these considerations lead us 
immediately to the statements of the lemma. □ 

Let apri^Hi '') be the set of all real isolated eigenvalues of the operator Hf\ According 

to Lemma (cf. Corollary ^.1|) the set apri{Hf^) is the same for all / = {hih-, ■ ■ ■ Jm), 
/fc = ±l, fc = l,2,...,m. Moreover, this set coincides with the part apri{Mi{-, F;) of the set 
of the real isolated eigenvalues of the transfer function Mi{z, Ti) belonging to Odo/2{Ai) for 
any i^^^-bounded contour F; satisfying the condition (|3.11|) , 



apriiHf^) = ap,,(Mi(-,FO) n a„/2(Ai). 

Since in the remainder of the Section we will consider different eigenvalues A G apri{Hf^), 
we will use a more specific notation, 3 ~ 1; 2, ... , mx, for the respective eigenvectors 
of the IlfK The notation nix, < oo, stands for the multiplicity of the eigenvalue A. 
Recall that every ip^^^j is an eigenvector simultaneously for all the iff'' and Mi (A ± iO,F;), 
^ = (^1, ^2, • • • 5 l-m) with /fc = ±1, k = 1,2, . . . ,m (see Lemmas |5]l| and ^.2|) . Since, according 
to Lemma |5.3| , the resolvent (iff'' — z)~^ has at z = A G crp,.j(iif ■*) a pole of the first order, 
the multiplicity mx is, in the considered case, both the geometric and algebraic multiplicity 
of A (in such a case every element of the subspace P^^^Tii is an eigenvector of iff ^ since 
(iff'' — A)P^'^ = 0). Respective eigenvectors of the total matrix H will be denoted by 
"^Xj, ^x,j = (V'a^]' V'a^])- It will be supposed that the ip^^'^j are chosen in such a way that 
the vectors "^xj are orthonormal, {'^ xj,"^ x',j') = ^xx'^jj'- Obviously, the statements of 
Lemmas |5]1| and imply that the eigenvectors "^xj, X G (jpri{Hf^), j = 1,2, . . . , mx, form 



an orthonormal basis in the invariant subspace of the operator H corresponding to the subset 
apri{Hf^) of the point spectrum crp(H) of H. 
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Let l-6r\ nt'^ cHuhe the closed span of the eigenvectors ip^^^'j of Hf^ corresponding 



to the spectrum apri{Hl 



n^r^ = V{^2, A G a,„{H?), J = 1,2,..., m,}. 
The following statement holds. 
Theorem 5.1 The system of vectors 

^x!p \ea^„{H?), j = l,2,...,m^, (5.10) 

forms a Riesz basis of the subspace T^^^"'*. 

We first prove an auxiliary assertion. 

Lemma 5.4 For any I = {li, h, ■ ■ ■ , Im), h = ±1; k = 1,2, . . . ,m, the operator fi*^'^ defined 
by Eq. ( [4.2 1|) is non-negative on the subspace lH!f"\ 

Proof. It suffices to prove the assertion for a dense subset of lH!f"\ say, for elements 
Ml G 7^1^"^ of the form 

«i = CKj^x]^ Caj G C, 

(A,j)GX 

where X runs through the finite subsets of the set of all possible pairs (A,j) with 
A G apri{Hf^), j = 1,2,..., mx. We have 

(A'J')GX 

with 



(5.11) 



a'(Ao)ur, 



(/i - A) (/X - A') 

CT'(Ao)ur, 



since '?/'^^^- and V'y j/ are eigenfunction for both Hf^ and h[ . Due to Lemma |5.2| (see also 

Remark p.l| to that Lemma) one can transform the subcontours rj,!" C F^, k = 1,2, ... ,m, 
back to the respective intervals A^, on which KB{dfi) = BiQEo{dfi)Boi, even in case A G A° 

and/or A' G A^. After such a transformation one can use Eq. ( |5.2| ) to express ip^^^j in terms 
of ip^^j and 'ipx'^ji in terms of V^v j/- As a result, one finds 

^S; A',,' = (V-S, ^i'!,') (independent of /) (5.12) 

and, hence, 

(n'^^^uuui) = \\uof > 
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with uq = cajY'aj- Thus, the operator fi^^^ is non- negative on a dense subset of H^f^^^ 

(A,j)e2: 

and, consequently, it is non- negative on the whole subspace T-C^f'^^\ too. The proof of the 
lemma is complete. □ 

Thus, one can introduce a new inner product in ?-^[^"\ 

= ((/i + uuvi e n^r\ (5.13) 

topologically equivalent to the initial inner product (■, ■), since Ji + fi^'-* > Ji on n^r^ and 
since, in view of the estimate ( [4.22|) , the operator Ii + i^*^'-* is boundedly invertible. (One 
can even check that the restriction of h[^^ on T>{Ai) fl H^^"^ does not depend on / and is an 
operator in which is self-adjoint with respect to the inner product [■, -iT-cpri)-) 



Proof of Theorem |5.1| . We prove that the vector system ( |5.1CI| ) is an orthonormal system 
with respect to the inner product [■, ■]^(pri). Indeed, according to Eqs. ( ^.llj ) and (|5.12| ) we 

Thus, 



In addition, the system ( p. 101 ) is complete in H^"^ and the inner product [■, ■]^(pri) is topo- 



logically equivalent to the initial inner product (■,■). According to a theorem of N. K. Bari 
(Theorem VI. 2.1 of |jl3[) this means that the system (|5.10| ) constitutes a basis of Ti^^"^ 
equivalent to an orthonormal one, i. e., it is a Riesz basis. The proof is complete. □ 



6. THE OPERATORS i/f ^ IN THE CASE OF 
A FINITE-DIMENSIONAL SPACE Tii 

If riTT^j = dim Til < oo, then the operators Ai and iff'' are simply n-^^^ x n-n-^^ scalar 

matrices. In this case the resolvent of iff'' admits the representation (see e.g., [|16|, pp. 39- 
44) 

i=l \ Z - \ l<k<n,-l - \ ) J 

Here Af'', i = l,2,...,s, s < n-^^, stand for the different eigenvalues of iff\ Pf^ for the 
eigenprojections and Nf\ Nf^ = (iif'' — Af^)Pf'' = Pf\H[''^ — Xf^) for the eigennilpotents 
corresponding to the Af''. The rij, rij > 1 denote the pole orders of the resolvent (iff'' — z)~^ 
and, consequently, of the inverse transfer function [Mi{z, at 2; = Af^ ; if = 1, then 

Nj-'^ = and the eigenvalue Af'' is said to be semisimple. 
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Recall that all the eigenvalues Xf\ i = l,2,...,s, belong to the set Oro(B){Ai), see 
Corollary RTT] to Theorem |3]2 . 



We assume that the enumeration of the Xf^ for h[''^ with different / is co-ordinated in 



accordance with the statement of Corollary |4.3| to Theorem ^4.4| : If / = (/i, /2, . . . , Im) and 
/' = (/;, . . . , I'J with I'f^ = Ik for a certain = 1, 2, . . . , m, and Xf^ G then xP = Xf\ 
Also, Aj-"'"* = xf^ is accepted. The indication of / in the notation rij of the pole orders 



in (|6.1| ) is omitted, since for a given i the pole order does not depend on I according to the 
factorization formulas ( ^.161 ) and ( (4.191 ). 



The kernel ^ = Ker(iff'' — Ap~) is called the geometric eigenspace for the eigenvalue 
A-'"*, i = 1, 2, . . . , s. For any ui G one has h[''\i = Xf\i. The subspace M.f^ = Pf^Hi 
is called the algebraic eigenspace for A-'^; rrii = dimTWf^ > rii and C \ so that 



'■I 1 

Qi = dim^j^''' < TTij. Similarly to the pole order rij, the algebraic and geometric multiplicities 



rrii and gi of the eigenvalue Xi for a given i do not depend on I. The system of algebraic 

lependent 

Mf^ +M'i^ + ... + M'i^ =ni, (6.2) 



eigenspaces Alf'* is linearly independent and complete 



and, thus, 

mi + 1712 + . . . + nis = n-Hi 

and 

pS'^ + P?^ + ... + P« =/i. (6.3) 

Any vector of M.f^ is called a root vector of the operator Hf^ corresponding to the 
eigenvalue A-'''. 

Recall some properties of the eigenprojections and eigennilpotents: 

p(Op(0 _ A p(0 p(Om(0 _ M(Op(0 _ A pW 

' j ~ «i « ' i j ~ j i ~ «i i ' 



(6.4) 



Nf Nf = (5i,-[Nf^]2, [ufY = but [NfY'^ ^ 0. 
The spectral representation for the Hi \ in terms of Pf^ and N^, is 

^(0^^(^(Op(0 + Nf), (6.5) 

j=i 

the decomposition being unique. 

As we already established in Sect. H, if Xf^ G M, then Ui = 1 (see Lemma and thus 
N^^ = 0. Therefore, in the case of a real eigenvalue Xf\ any (root) vector of the subspace 
Alf'* is an eigenvector of the operator h[^^ corresponding to Xf\ and Qf^ = Mf^- 

Let Ti C -D/ be a i^'g-bounded contour satisfying the condition (|3.11|) . According to The- 
orem ^]2|, the spectrum of the transfer function Mi(-, Ti) is represented in the set Cdo(ri)/2(^i) 

[and even in the set U -D(r;) j fl Od,-,-,^^/2{Ai), according to Corollary to the theorem] 

just by the spectrum of the operator Thus, the transfer function Mi{-,Ti) has in 

Cdo(r,)/2(^i) only discrete spectrum consisting of the eigenvalues Xf \ i = 1,2, ... ,s. Due 
to Eq. (|l6D the inverse function [Mi(-, Ti)] ^ has poles at z = Xf^ of the same orders rij as 
the resolvent {H^^ — z)~^. 
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Lemma 6.1 The eigenprojections Pf^ and eigennilpotents \ i = 1, 2, . . . , s, of the opera- 
tor nf'' satisfy the equations 

Mi(A«,r,)P« = N«- l^vi^i>^\T^^f (6.6) 



k\ 

l<k<ni-l 



where vl^\\, F/) stands for the k-th derivative of the function Vi{z, Ti), defined by Eq. ( |2.7| ), 
at z = \, 

Vi''\\ji) = {-lfk\ j Ksidf,)-^^-^-^, A: = 0,1,2,... . (6.7) 

a'{Ao)UTt 



Proof. Write the basic equation ( |3.7|) for h[^^ as follows 



A^ = H';^- j KBidfi){H',"-fi)-'. (6.8) 

a'(Ao)Uri 

Multiplying both parts of Eq. (|6.8|) by Pf ■* from the right and taking into account equalities 

i/«Pf = Af)pf + Nf (6.9) 

and 

(i7«-.)-pf) = — V '^-j (6.10) 



which follow from Eqs. (|6.5|), ( |6.1[ ) and (|6.4|), one finds 

p(0 ^|\|(Oifc 

I\B{U'fJ') I 

v « 

f7'(Ao)ur, 



x(0 /-^ / \(ONfc+l 



But according to Eqs. ( p.7| ) and ( |6.7| ) this is just the equation ( |6.6| ) which we wanted to 



prove. □ 
Remark 6.1 The eigennilpotents , i = 1, 2, . . . , s also satisfy the equations 

l<fc<p-l ■ ("•llj 
p = 1,2, . . . - 1. 

One obtains the Eqs. ( |6.11| ) simply by multiplying both parts of Eqs. ( |6.6| ) from the right 
by [Nf^]^'-P,p=l,2,...,ni-1. 
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Remark 6.2 WnUng Ai as Ai = H[' - Vi{HI\Ti) and then using Eqs. ( |63D 
and ( |6.7| ) one can represent the transfer function Mi{z,ri) as 

s 

i=l 

l<fc<ni-l 



In fact, the Eqs. ( |6.6|) considered together with the conditions ( |6.4| ) determine the eigen- 

projections Pf ^ and eigennilpotents \ i = 1, 2, . . . , s uniquely, at least under the additional 
condition 

s 

||^(^(Op(0 + Nf)-Ai <w(rO, (6.12) 



where rmax(r«) is given by Eq. ( 3.14 ). Namely, the following assertion holds. 

Theorem 6.1 Let Ti a Di he a Ks-bounded contour satisfying the condition ( p.ll| ). Also, 
let Xf \ i = 1,2, . . . , s be the eigenvalues and Ui, i = 1,2, s, the respective pole orders of 
the transfer function Mi{z,ri) in the domain Odo(ri)/2{Ai) ■ Then the system of Eqs. ( |6.3| ), 
( |6.4D and ( p^ ) for i,j = l,2,...,s under the condition ( |6.12D determines uniquely the 
complete system of eigenprojections and eigennilpotents for the operator Hf^ . 

Proof. Obviously, one has to prove only the uniqueness of the solution for the system ( |6.4D , 
(|6.6D, since the existence of such a solution is already guaranteed by Lemma pTT| . 

Let P^P , i = 1, 2, . . . , s be a solution of the system (|6.3| ), ( |6.4D and (|6.6|) under the 
condition (|6.12|) . Consider the operator 



(6.13) 



i=l 



Since the Pf\ satisfy Eqs. (|0|), (|6.4D, the equation ( |6.13D is at the same time the 
spectral representation for H^^ and, consequently. 



(Hi 



(I) 



i=l 

(0 m 



>(0 



z-X 



(0 



(Oifc 



l<k<n 



(6.14) 



Rewrite Eqs. ( |6.6| ) for P^- and N^- as 



(06(0 



A^P 



N 



(0 



AlP? + \/l(Ar^^OP 



(0 



)(0 



Y: ^vf'(Af,r,)|N?'|- 

l<fc<nj-l 



(6.15) 



and represent then the derivatives V-l;''\xf\Ti) by (|6.7D. Summing over i in ( |6.15| ) and 
taking into account ( |6.14D one finds 
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i/f = Ai+ j KB{dii){H? (6.16) 
<T'(^o)ur, 

that is, -fff ^ satisfies the basic equation ( p.7| ) and the difference xf ■* = ^ — Ai the 
basic equation (p.9|). Meanwhile the condition ( |6.12|) means < TraaxiXi)- Then it 

follows from Theorem that x'f' = xf^ and, hence, -fff^ = h[''K Since the spectral 
representation ( |6.5|) for H^^ is unique, one must conclude that Pf'* = Pf^ and INlf'* = Nf"*, 



i = 1, 2, . . . , s and this completes the proof. □ 

Thus, the eigenprojections Pf^ and eigennilpotents N-'-*, i = l,2,...,s of the operator 

can be called the eigenprojections and eigennilpotents of the transfer function Mi{z, Ti) 
in the domain OdQ(ri)/2{A.i). By Lemma |0| and Theorem |6.1| this definition is correct. 

Recall that a basis {ej}"^j^ of the space Hi is said to be adapted to the decomposition ( |6.2|) 

if the first several elements of {ej}^^l belong to A^i, the following several elements belong 
to A^2 and so on. In the case considered here such an adapted basis consists of root vectors 
corresponding to the eigenvalues Xf\ i = 1,2, ...,s, including the resonances. One can 
choose, in particular, a basis consisting of the eigenvectors and associated vectors which 
reduces every eigennilpotent Uf^ to Jordan canonical form (see e.g. |jl6[, pp. 22, 43). 

To conclude the section we consider the case where all the eigenvalues Xf^ are semisimple, 
i.e., Nf = 0,2 = 1,2,. 

Let {"ipij , j = 1,2, .. . be a basis of the eigenspace qP {Of^ = Aif^ in this case). 
The union of these bases for z = 1, 2, . . . , s is a basis of the space Hi. Denote by {^fj, i = 
1, 2, . . . , s; j = 1, 2, ... , rrii} the biorthogonal basis, {ipfj, V^l']') = ^u'^jj'- Then the vectors 
(pf^ , j = 1, 2, . . . , mj for a given i = 1,2, . . . , s are automatically eigenvectors of the operator 

rrii 

ijj'''* corresponding to the eigenvalue Aj while Pf^ = ^^"^fj {'^^fj)- Eq. ([4.25|) implies 

i=i 

that 

^J-') = (/i + r](-'))-V!?, J = l,2,...,m, 

are the linearly independent eigenvectors of the operator h[ corresponding to the eigen- 
value A-"''' = A-' and 

ih + = ((/i + = Su'S.r . (6.17) 

Therefore, one comes to the following assertion. 

Lemma 6.2 // all the eigenvalues Xf\ i = 1,2, ... ,s of the operator Hf^ are semisimple, 
then the spectral projections Pf ^ can he written as 

mi 
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where the eigenvectors ipfj and tplj of the operators Hf^ and h[ 



i-i) 



Hi 'Vii = \^'Vij (^f^ normalized according to Eqs. ( |6.17|) . At the same time 



Remark 6.3 It follows from the relations ( [4.28| ) and ( |6.18| ) that, in the case considered 
here, the residues of the transfer function Mi{z, T) at z = Xf\ i = 1, 2, . . . , s read as 
follows: 

The total sum of these residues represents an invertible operator and 

-1 



(0 



.1=1 



7. COMPLETENESS AND BASIS PROPERTIES OF THE i^f ^ ROOT VECTORS 
IN THE CASE OF AN INFINITE-DIMENSIONAL SPACE Hi 

In the present Section we restrict ourselves to the case where the entry Ai has pure 
discrete spectrum only, i.e., the resolvent Ri{z) = {Ai — 2;)"^ is a compact operator in Hi 
for any z G p{Ai). 

Lemma 7.1 // the entry Ai has compact resolvent, then the operators Hf' have compact 
resolvents, too. 

This statement is a simple consequence of Theorem IV. 3. 17 of [|I6[, since iff^ since the 
difference H^^ - Ai = X^) is a bounded operator (see Theorem |3.1| ). □ 

Lemma 7.2 // the entry Ai has compact resolvent, then the solutions X^^^ of the basic 
equation (|3.9| ) are compact operators. 

(0 



Proof. According to Lemma |7.1| , the resolvent (if j — /i) ^ is a compact operator for any 



fx belonging to an arbitrary i^'s-bounded contour satisfying the condition ( |3.11|) , since for 
such a contour dist{(j(iff F;)} > do{Ti)/2 > 0. Thus, any finite integral sum for the integral 

defining A-<'.,.Y<0= / (i/f a compact operate. But underthe A,- 

a'{Ao)UTi 

boundedness condition ( p.6|) the integral sums converge to X^'^ with respect to the operator 
norm topology (see Appendix 0). Thus, X*^') must be a compact operator. □ 

Denote by 'Hf\ the algebraic eigenspace of h[^^ corresponding to an eigenvalue A, 
'^i A ~ where the eigenprojection P^'-* is given by Eq. ( [4.271 ). Let mx be the algebraic 
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multiplicity, m\ = dimTi^''', mx < oo, and Uf^ respective eigennilpotent, N^''' 



The eigenprojections P^'"* and eigennilpotents N^'"" for different A again satisfy Eqs. 



(0 



A ■ 

as 



well as Eqs. ( |6.9|) and ( |6.10|) are valid (see [0, §6.5 of Chapter III). Repeating literally the 



proof of Lemma |6.1| one can check easily that for the case considered now the statement this 
lemma is still valid. 



Let ijj 



(0 

A,i' 



i = 1,2, .. . ,mx, be the root vectors of Hf^ forming a basis of the algebraic 

eigenspace 'Hf^. In the following we will try to give an answer on the question when the 
union of such bases in A forms a basis of the total space Tii. But, in any case, we already 
have an assertion regarding completeness of the system 



(0^ 



1,2, 



.mx}. 



(7.1) 



Theorem 7.1 The closure of the linear span of the system ( [7.1| ) coincides with Tii, 



V{V^g, A G a{H[ 



1,2, . . .,mx} = Hi . 



This assertion is a particular case of Theorem V.10.1 from |ll3[ . 



□ 



The following statement concerns the case where the basis property of the system ( [7.1|) 
follows immediately from the general basis property (Theorem |5.1| ) of the eigenvectors cor- 
responding to the real isolated point spectrum eigenvalues of the operator H^K 

Theorem 7.2 Let the entry Ai have compact resolvent and be semibounded from below. 
Suppose the set [J A° is bounded from above, i. e., < oo. Then the operator H\' has 

k=l 

only a finite number of complex eigenvalues (resonances) . It can be represented as 



HI 



(0 



with i/f^ = Hi^P^I^ and h[^]j = Hf^P^^ where P^^ and P^l^ stand for the projections on the 



invariant subspaces H^^j^, H^'ji = P'^^Tii, and T^ij^, '^^i'c- = Pc'^i' corresponding respec- 
tively to the real and complex spectrum of The restriction of h[^^j^ to V{Ai) fl Tif^^ 
represents an operator which is similar to a selfadjoint one while for the finite- dimensional 

component iff^ one can find the eigenprojections and eigennilpotents using the state- 
ments of Lemma |6.1| and Theorem |6.1| . Combining a basis of the subspace Tif 1^ consisting 



5(0 



(0 



of the root vectors for H\ 



(0 

.c 



with a Riesz basis of the subspace \ constructed from the 



eigenvectors of 



'^l.R 



one gets a Riesz basis of the space Tii 



Proof. According to Theorem |4.2| the complex spectrum of the operator iff ■* belongs to 

m 

the set Di fl Oro(B)(^i) and even to the domains D{Ti) restricted by |J and arbitrary 

k=l 

i^B-bounded contours Vi C Di satisfying the condition ( p.ll|) . The rest of the spectrum of 
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nf^ is real. Obviously, in the case concerned, the set DiVi) fl is bounded even 

r(0 



if the domain Di is unbounded. Since the spectrum of if} is discrete (see Lemma [7.1D , 

^ro(B)( 



only a finite number of the Hf* eigenvalues can be situated in DiVi) fl (9ro(-B)(^i) a^^id these 



eigenvalues generate the finite-dimensional eigenprojections. Thus, the projection P[^\ being 
a sum of the individual eigenprojections, is finite-dimensional, too. Multiplying both parts 
of the basic equation for Hf\ written as Eq. ( |6.8|) , by P^l^ from the right and separating 
the eigenprojections and eigennilpotents corresponding to the individual resonances, one 
further comes to the statements of Lemma |6.1| and Theorem |6.1| restricted to the subspace 
'hif^fj. Noting that Tii = 'H^iji + '^^f c", and then applying Theorem one gets the remaining 
statements. □ 



Remark 7.1 The statement of Theorem [7.2| remains valid if the entry Ai has compact 
resolvent and is semihounded from above while the set U^;^ A° is semihounded from below, 
i. e., > — oo. 

In what follows we need a few definitions and statements from Chapter VI of the 
book |113|. 

Let {cfc}^]^ be a basis of a Hilbert space J\f. If there exists an orthonormal basis {e';.}^;^ 
of Af such that 

oo 
k=l 

then the basis {cfc}^^ is said to be quadratically close to an orthonormal basis. Also, 
such a basis is called a Bari basis. Any Bari basis is at the same time a Riesz basis (see 
Theorem VI.2.3 of 

A sequence {A/fc}^i of non-zero subspaces Afk C A/" is said to be a basis (of subspaces) 
of the Hilbert space J\f if any vector x & M can be expanded in a unique way in a series of 
the form 

oo 
k=l 

where Xk G A/fe, = 1, 2, . . . . 

A sequence {Nk}'kLi of non-zero subspaces Afc C A/" is said to be cu-linearly independent 
if the equality 

oo 

X Xfc = 0, Xke Mk, A; = 1, 2, ... , 

k=l 

is not possible for 

oo 

< X^ \\xk\\'^ < OO . 

k=l 

A sequence {Afk}'kLi of subspaces Afk C A/" is said to be quadratically close to an orthog- 
onal basis (of subspaces) of the the space Af if there exists a sequence of pairwise orthogonal 

oo 

subspaces AfL C Af such that © Afl = Af and 

k=l 



k=l 
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where and P^^, k = 1, 2, ... , stand for the orthogonal projections of TV onto 7\4 and 
A/^, respectively. 

The minimal angle (j){Af' , Af") , < < tt/2, between two subspaces A/"' and A/"" is 
defined as 

cos0(A/'',A/'") = sup \{x',x")\. 

x' x" aM" 



Theorem 7.3 Let {N'k}'k=i ^ complete, uo-linearly independent sequence of finite- 

dimensional subspaces in M such that 

oo 

^ cos'^ (t){NuNj) <oo. (7.2) 
Then {Nk}kLi « basis of the space Af, quadratically close to an orthogonal one. 



Theorem 7.4 (Proposition VI. 5. 6 of [|T^]) // the condition (|7.2| ) in Theorem ^^3] can be 
replaced with 

oo 

min{z/j,z/j} cos^ 0(7Vi, A/^) < oo (7.3) 

where Vi = dimA/i, t/ien t/ie union of orthonormal vector bases of the subspaces Afk, k = 
1,2,..., forms a Bari basis of the space Af. 

The following statement is a particular case of a more general proposition from the final 



part of §111.7.3 of Ref. |]13| regarding criteria for a linear operator to belong to a certain 



class of compact operators. It also represents Theorem 5 of § 11.5 of Ref. [Q. 

Theorem 7.5 If for a bounded linear operator T acting in a Hilbert space Af the condition 

oo 

\\Tek\\ < oo 

k=l 

is valid for some orthonormal basis {e^j^^^ of the space Af then T is an operator of the trace 
class. 

(I) f ^ \ 

Let us return to the operators Hi , now in the case where the intersection I [J A° j fl 

cr(Ai) includes infinitely many points and, thus, dim7-^i = oo. 

For the sake of simplicity we assume that the entry Ai as above, has compact resolvent 
and is semibounded from below. Then the previous assumption means that at least the 
interval is infinite, = (/im\+oo). The eigenvalues i = 1,2,..., of the op- 

erator Ai will be enumerated in increasing order, aS^^^ < . . . < A^^^^ < X\^\^ < ... and 
lim A,-'^^'' = +00 exists. 
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Suppose further that there is a number io such that for any i > io 

X^^^-X^l^>2r>2roiB), (7.4) 

with a fixed value r while ro(-B) is given by ( |3.19| ). Let 70 be a circle centered at 
z = (aS^'^ + \[fl\)/2 and having the radius {X[^l\ - \['^'^)/2 + r while the 7^ for i > io 
are the circles with centers A-'^^'' and the radius r. Obviously, the union Int7o |J Int7j 

i>io 

of the interiors of the circles 7^, i = 0,io,io + 1, . . . , covers all the spectrum of h[''\ since 
a{H[^^) C At the same time 



Int 7i n Int 7j = if i 7^ j. (7.5) 
Thus, one can introduce the projections 



Qi=-7r^ / dz{H',"-z)-\ z = 0,^0,^0 + 1,..., (7.6) 

and, then, the subspaces 7V/'^ = Qf^Hi which are invariant under Due to Eqs. ( |7.5|) 

one has 

Qf^Qf =6,,Qf\ (7.7) 

Each projection Qf-* represents a sum of the eigenprojections ( [4.27|) corresponding to the 
eigenvalues A*^'^ of iff ^ belonging to Int 7^. Since the algebraic eigenspaces for different eigen- 
values are linearly independent, the dimension dimA/"/'^ coincides with sum of the algebraic 
multiplicities for the A*-'-* lying inside 7,. We introduce also the (orthogonal) projections 

d(^i) L f ( A. _ .^-1 



27ri 



dz{Ai-zy\ i = 0,io,io + l,... . (7.8) 



7i 



Obviously, for i > io the projections P^"^^^ are simply the eigenprojections of the entry 



Ai corresponding to the eigenvalues A- while Pq is the sum of the eigenprojections 

In the following by 'Pif^\ 



for Ai corresponding to the eigenvalues A^'^^^ ^2^^\ ■ ■ ■ , -^if-i- the following by iplf^\ j 



1,2,..., n[^^\ n[^^^ = dim Pf^^^Hi <oowe understand an orthonormal basis of the subspace 
Pj-^^^Tii. For i > io the vectors ^Pif^^ are automatically eigenvectors of Ai, Aiiplf^'' = 

■^i^^^^if^^ ■ The sequence {(p\f^\ i = 0,io,io + ^, ■ ■ ■ , j = 1, • • • , nf^^^} forms an orthonormal 
basis of 7^1. 

Lemma 7.3 Under the condition ( |7.4| ) the sequence 

{AfP, 2 = 0,20,^0 + 1,...} (7.9) 
of subspaces A/"/'^ = Q^pTii is u-linearly independent and complete in Tii. 
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Proof. The completeness of the sequence ( [7.9|) follows immediately from Theorem |7. 1| . 
Regarding the cu-linear independence of this sequence, it suffices to prove w-independence 
for the subsequence {A/'/'''}^j . Suppose there is a sequence Xi e Nf \ such that 



Xi 



< oo 



(7.10) 



l=lO 



but 



lim y 



0. 



(7.11) 



The condition ( [7.1U[ ) implies that there are nonzero elements among the a;j, say, an element 
Xk-, k > io- Since the projection Q^^^ is a continuous operator, the equality 



Q^'"* lim \^ Xi = lim \^ Q 



(0 



(7.12) 



t=io 



holds. But, due to Eqs. ([7. 71), Q^^Xi = 6ikXi and the r. h. side of ( |7.12D gives Xk while the 
1. h. side gives zero, because of ( [7.11| ). Thus, Xk must be zero, too, and one comes to a 
contradiction which means that the sequence (|7.9| ) is a;-linearly independent. □ 



Lemma 7.4 //, instead of ( |7.4| ), the condition 

^(AO _ ^(Ai) ^2r> Aro{B) Vi > io 

holds, then dimAf- ''^ = dim P^^^^Hi, i = 0,io,io + ^, ■ ■ ■ ■ 



(7.13) 



Proof. The proof is based on ideas from the proof of Theorem V.4.15 in Our goal is 



to show that the differences Q,- 
Obviously, 



(0 



0, io, "^0 + 1, • • have norms smaller than unity. 



Qf ) - P, 



1 

2^ 



(7.14) 



1 



<- / \dz\ \\{A,-z)-^\\ \\{H?-z)-'\ 



First, we deal with i = 0. Obviously, one can deform the circle 70 in (17.14]) into 



the line Rez = Ajo_i + r, since, in the half-plane Re2<Aio_i+r, the integrand be- 
haves like l/z^ as 2; — > 00. On this line, || (Ai — 2;)"^ || < {r"^ + rf )'^/"^ where ?7 = Im^. 
At the same time <rQ{B). Then it follows from the identity ( |3.15| ) that 

IKi?;!'"* — ,2)^^11 < l/{^/r^~+~rf — To), ro = To(-B), and one obtains the estimate 
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oo 



A/r2~+^( y/r^T^ - ro) 



TT 



- / rfr^ I 1 + 



Estimating the fraction ro/ + r/^ by ro/r and calculating the integral, one obtains 



IQ(0_p(^.)||<n,,^^ 



r/ yr2-r^ 



Since r > 2ro, we find finally 



We can show, further, that 



|Wo — f^o II ^ ~ ^ 2' 



|Q(0_p(^.)| 



< 1 



(7.15) 



for i > io, too. Indeed, for 2; G 7i, i > zq, we have 

11(^1 -^)-'ll<-, \\{hP-z)-^< 



1 



r — To 



Substitution of these estimates into ( |7.14| ) gives 



|Q(0_p(A.)| 



< 



r — ro 



and, under the condition (|7.13|) , the inequalities (|7.15|) hold true. 

Thus, we have proved that for any i = 0,iQ,iQ + 1, . . . the estimate ( |7.15| ) is valid. But 
such an estimate implies that the subspaces A/"/'^ and P^^^^Hi are isomorphic to each other 

(see, e.g., |jl6[|, §4.6 of Chapter I) and, consequently, dimJ\fP = dimP^'^^^Hi. The proof is 
complete. □ 

Theorem 7.6 A ssume ^ ^\ — > 00 as i — >■ 00. Let iq he a number such that ( [7.13| ) 
holds. Then the following limit exists 



s-lim ^ Qf^ =/i. 



(7.16) 



i=0,i>jo 



Additionally, assume that 



j:{Xlil'-X^^'r<oo. (7.17) 



i=l 



Then (|7.16| ) is true for any renumbering of Qf^ . Moreover, there exists a constant C such 
that IIX^Q 



(0 



< C for any finite set X of integers i = 0, i > Zq. 



AA 



This theorem represents a shghtly extended statement of Theorems V.4.15 and V.4.16 of 
(which treated only the case where all the eigenvalues Aj-"^^"* of the operator Ai were simple). 



The proof of Theorem [7.6| is realized in exactly the same way as the proof of the mentioned 



theorems in iTBI and, thus, we omit it. 



Remark 7.2 Eq. ( |7.16| ) implies that 



s 

n— >oo 



i=0,i>io AGlnt7i 



where A stand for the eigenvalues of the operator uf' and Pf^ for the respective eigenpro- 
jections. If additionally, the inequality ( |7.17D holds and all the eigenvalues A,-"^^"* are simple, 
then one can renumber the eigenprojections Pf^ in Eq. ( |7.18| ) in any way {see Theorem V.4.16 



of 0) 



Lemma 7.5 As before, assume Am = {jj.m\ +oo). Also, suppose that there is a Ks-bounded 
contour F; C Di satisfying ( |3.11| ) and such that a part of its component coincides with 



the ray = [/io,i&o + oo) where /io G -D^ ? /^o = + i&o with ao,bQ G M. Additionally, 
suppose that the remaining part F/ = F^ \ of the contour Ti belongs to the half-plane 
Re /X < ao, and for fi G A^^ 

\\K'M\\<C{l + \Ref^\)-' (7.19) 
with C > and 6 > 1. Then the estimate 

||^{Op(^i)|| < c{l + |aJ^^)|)-\ ^ = ^o,^o + l,..., (7.20) 
is valid with some C > 0. 

Proof. Since the basic equation ( ^^ for X^^^ can be written as 

X« = I Ksidfi) [{A, - /i)-i - (if« - /i)-^X«(Ai - /x)-^], 



<7'(Ao)ur, 



one finds 



X")P<'>= [ ^4*)IM. ,>i„, (7.21) 



a'(Ao)Uri 



with 



T,(/i) = [/i-(if«-^)-iX«]PS^^). 

Due to the estimates ( p.l8| ) and ( |4.5| ) the functions Tj(/i) on o-'{Aq) U F; are bounded, 
||^i(/^)|| ^ c where the constant c is the same for all i > io being determined only by 
ro(-B) and do(Ti). According to one of our assumptions, the condition /i G F/ implies that 
Re/i < ao and, thus, |A-'^^'' — < lA^-'^^'' — ao|~^ for sufficiently large A-'^^'', A^-"^^^ > Oq. 
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Since the condition (p.6|) is valid, this assertion immediately implies that the estimate (|7.20|) 
holds at least for the contribution to X'^'^Pj-'^^'* from the set a'{Ao) U f^. 

As to the contribution from the ray A[^, one writes KB{dfi) on this ray as Ksidfi) = 
K'^{^)d^ and applies the inequality ( |7.19| ). Here, the elementary estimate 



hoo 







(1 + + |x — A|) l + l-^l 



is useful with a certain c{9) > depending only on 6. Using this inequality one easily finds 
that the estimate (|7.20|) holds for the contribution to X*^')Pj-^^^ from the ray A^, too, and 
this completes the proof. □ 



Theorem 7.7 Let, in addition to the conditions of Lemma |7]^, the condition ( |7.17| ) be 
valid and the sequence of the differences X^^]^ — ^l'^^^ be monotone starting from some i = k, 
k > 1, i. e., 

^-^>^-^'\ ^>k. (7.23) 

Also, let 



n. 



(^i) _ A^^ d(^i) 



dunP\^^^n^<n^±} (7.24) 



where nJnix is a finite number, the same for all i = 0,io,io + l, . . . . Then X*^'-* is an operator 
of the trace class. 

To prove this theorem we need the following simple auxiliary statement. 

Lemma 7.6 Let a sequence {ctnlJ^Li have positive elements, a„ > 0, n G N and starting 
from some number N be monotone, i. e. a„+i > a„ for n > N. Also, let 



5^-<oo. (7.25) 



n=l " 

Then the series Y^^=i with 6^ = (^i + ^2 + • • • + ^n)"^ is convergent. 

Proof. First, one notes that for 2k > 2N 

1 1 1 



-'2k 



< < 



ai + . . . + Ofc + afc_|_i + . . . + ctk+i + ■ ■ ■ + CL2k k a^+i 

and, similarly, 

1 1 

hk+i < : : : < 



ttfc+i H \-a2k + a2k+i {k + 1) a^+i 

This means that for m > N 
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2m m m—1 m ^ m— 1 



n=2N 



k=N 
m 



k=N 



m— 1 



< 



kau^i ' ^ (A; + 1) Ofc+i 

k=N fc=Ar V ' / «+i 

1/2 



(7.26) 



' 1 



Kk=N 



^fc=Af 



(A: 



^ a2 



1/2 



Since the condition ( |7.25| ) is assumed and the series J2'^=i convergent, it immediately 

follows from ( [7.26| ) that the series Yl'^=i considered is convergent, too, and this completes 
the proof. □ 

Proof of Theorem |7.7| . Under the conditions (|7.17| ) and ( |7.23| ) the series of the inverse 
eigenvalues of the entry Ai is convergent 



E 

i = 1 



lA 



(^i)l-l 



< oo . 



(7.27) 



Indeed if one takes = Xl'^]^ — A^-"^^^ then the sequence of Lemma with bi = 

(ai + . . . + flj)"^ is represented just by bi = 1/A-^}'' (except the case \\^\^ =0). If all the 

eigenvalues A-'^^'' and differences X\'^\^ — Xf^^^ are positive, then to prove ( |7.27| ) one can 
immediately use the statement of Lemma 7^. In the case of presence of a (finite) number 



of negative A,-"^^"* and/or of a (finite) number of negative differences A 



(^i) 

i+l 



X\^^^ one has 
(^i) 



to omit in the sum in the l.h. side of (|7.27| ) all the negative eigevalues A- and/or all 

the eigenvalues A-^^'' generating negative differences A^"^^^ — Aj^^'' with j < i. Then, after 

AM) 



appropriate shift in numbering of the remaining eigenvalues A^ , Lemma fTq can be applied 
and thus, the inequality ( [7.27|) will again hold true. 
Further, consider the quantity 



„<.M) „(Al) „(Ai) 

OO "i oo oo "i 



ij I 



E Eii-'f'"p 



< E ii-f"'p!*'ii E 



E Eii-'f"'4 

j=0,i>io j=l j=0,i>io j=l i=0,i>io i=l 

Since the estimate (|7.2CI|) as well as the condition (|7.24|) hold true, one finds 

oo oo 
i=0,i>io j=l i=io 



(^i)| 
ij I 



Due to the inequality (|7.27| ) the above quantity is finite and, thus, according to Theorem |7]5 
the operator X^') is indeed of the trace class. The proof is complete. □ 

Remark 7.3 Under the condition (|7.24| ), the inequality (|7.27| ) implies that the resolvent 



Ml) 



{Ai — z) ^ is of the trace class for any z G p(v4i) since the sum ^ Wi^i — z) ^Lp\^^''\\ is 



finite while the series ^ ^ ||(Ai — z)^^(f 

i=io i=l 

Theorem |7.5| ) . 



is convergent (see 



i=to 
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Theorem 7.8 Let the condition ( [7.17| ) and the conditions of Lemma [7.5| be valid. Then 

the inequality ( |7.2| ) holds for the subspaces A/'/''*, i = 0,io,io + ^, ■ ■ ■ ■ This implies that the 
sequence ( |7.9| ) forms a basis of the space Tii, quadratically close to an orthogonal one. 

If, additionally, the condition ( [7. 241 ) holds, then the union of orthonormal vector bases 
of the subspaces i = 0,io,io + ^, ■ ■ ■ , forms a Bari basis of Hi. 



Proof. Let r, = |min{A,^+}^ - X^'' , X^'' - X'C\>}, i > i^. Under the condition ( [TTTD 
r,' ^ cxD as 2 ^ cxD and, moreover, 



5^^<oo. (7.28) 



Denote by 7j, i > io, the circle centered at 2; = A^'^^'' and having the radius rj. Consider 
the difference Qf^ — Pf"* replacing 7, in the definitions ( [7.6|) and (fTSl ) for i > io with 7^. 
Applying the resolvent identities 

(i/W _ ;,)-! _ - z)-' = -{H? - z)-^X^'\Ai - z)-^ = -{Ai - zy^X^'\H? - z)'^ 

twice gives 

q(0 _ p(Ai) ^ ^ (-^ 29) 



where 



and 



= -— / dz (Ai - 2)-^X(')(iff - z)-^X^'\Ai - zy^ 
27ri y 



It is easy to obtain the following estimates (see also the proof of Theorem V.4.16 in ||16||): 



I|D:||<c-^, IID^'II < c— (7.30) 

^\\ - 1 + ^.' II ^ II - (l + ^.)2 

with some c > 0, the same for all i > io- 

Further, consider the minimal angle (f){AfP,AfP) between the subspaces Af^ and Af^, 
hi > "^0; 7^ j- To estimate this angle it suffices to evaluate the inner product {Q^px, Qf^y) 
for X G A/"/'"*, y G \\x\\ = \\y\\ = 1. Substituting ( [7.29|) one obtains 



+ |(D:x, D»| + |(D:x, D';y)\ + |(D:'x, D»| + mx, D';y)\ . (7.31) 

The term |(P^^'^^''x, P^f'^^y)\ is absent in the r. h. side of Eq. (|7.31|) since p^"^'^^ p^f^'^^ = Q for 
i j- Meanwhile, according to (|7.30|) , the last four terms can be estimated together by 

(7.32) 



1 + r j l + Tj 
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with another constant c which does not depend on The estimation of the terms 

KP^^^^^x, DJt/)| and \{D"x,P^j^^^y)\ is simple, too. Consider, for example, the term 

|(Dfx, Pj^'V)! = KPl^'^D^'a;,!/)!. For j > io we find 



(7.33) 



and, thus. 



(D^x, Pf ^V) = 



dz — 



Since i ^ j, one observes that \X\'^^^ ~ -^1 > l-^^-^^'' ~ ■^^'^^''1 — if z G %. Consequently, 



(^i) 



\{D':x,P^;'^^y)\< 



||X«|p 



Since 



> r j + 



J' 



(7.34) 



the term |(D-'x, Pj'^^V)! can be estimated by (|7.32| ), too, and the same estimate holds for 
\{P\^'^x,D';y)\. 

Regarding the first term on the r. h. side of ( 7.31|) , it can be greatly simplified by using 
the identity (|7.33| ) and then the Residue Theorem. As a result one finds 



PS^^^a:, D'^y) + {D[x, Pf ^^y) 



((X«-X«*)Pfx,Pfy) 
Tom TiXT) 

Aj — Aj 



(7.35) 



Applying the inequalities ( |7.20| ) and ( |7.34| ) one concludes that the term ( |7.35| ) can be easily 
estimated again by ( |7.32| ). However, the series (7.28) is convergent. This just implies that 



(7.36) 



An almost literal repetition of the previous consideration shows that 

oo 

5^cosV(A/i^Ar«)<oo, 



(7.37) 



1=10 



too. The inequalities (|7.36|) and (|7.37] ) imply that the condition of Theorem holds 
and, thus, the sequence ( |7.9| ) indeed forms a basis of the space Hi, quadratically close to 
an orthogonal one. The second statement of the theorem is now a trivial consequence of 
Theorem |7.4 The proof is complete. □ 
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8. THE SIMPLEST EXAMPLE 



In the present Section we consider the operator matrix ( |1 . 1| ) with the entry Aq being the 
multiphcation operator, 

(AoMo)(/W) = /iMo(At), (8.1) 

considered in Hq = L2(0,a), < a < +oo. The domain of the operator Aq is 

©(Aq) = |mo G -^2(0, a) : J (i/i/i^|'Uo(/i)|^ < oo| . Surely, if a < 00, then V^Aq) = Hq. 

The spectrum of Aq only consists of absolutely continuous spectrum coinciding with the 
interval [0, a]. 

As Ai we take a diagonal numerical matrix, 

yl, =A = diag{Ai,A2,...,Afc,...}, AfcGM, (8.2) 

and Til = 'C'^, 1 < n < 00 (by C°° we understand the Hilbert space Z2). The domain of the 
entry A is given by P(Ai) = |mi = {u^^\ uf\ . . . , u[^\ . . .) G C" : J^l-i^k^^i^^ < ^o}- Of 
course, if n < 00, then V^Ai) = C". 

The coupling operator Bqi acts on Ui G C", Ui = {u^^\uf\ . . . , uf'\ . . .)*, as 

n 

{BoiUi){fi) = B{fi)m = J^hifiWi^ (8.3) 

k=l 

where bk G ^2(0, a), k = 1,2,..., while B{fi) stands for the matrix-row of the values bj^lfi) 
of the functions bk for a fixed /i G (0, a). Boundedness of the entry Bqi means 

a 

ll-Soill = sup / dfi\B{fi)ui\'^ < 00. (8.4) 

\\ui 11=1 J 


Obviously, the adjoint operator Biq = B^i is given by 

B^o = i{■,b^),{■,b2),...,{■,h), ■■■)'. 



Under the condition (|8.4|) the operator H is selfadjoint on the domain T^(H) = T){Aq) © 
V{A,). 

Note that this example is sufficiently universal. In particular the Hamiltoni- 
ans for the quantum-mechanical two-body systems with internal structure used in 
Refs. H JT5|jl^JT9|j3^j3^j37|j41[] can be reduced to just the present example. Note also that 



for n = 1 the operator matrix H described represents one of the well known Friedrichs 
models . 



The definition (SJ.) of the entry Aq represents at the same time its spectral decomposi- 
tion, that is, the spectral function E^{fi) is given by (see, e.g., P) 

£;v)«o)m ={"■>[,''> 'i:^;; (8.5) 
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for < ;U < a and E'^{fi) = for /i < while E^{n) = Iq for jj, > a. Consequently, the 
product (|2.2|) for < /i < a reads 



Kb{i^) = j du [B{u)YB{u) 



and formally 

K'M = B{^^) . (8.6) 

In particular, if = 1, then K'^lfi) = 

One of our central assumptions of Sect. |^ was the assumption regarding the holomorphy 
of the function K'^{^) in a vicinity of (a part of) (Tc(Ao). Thus, in the case here one has 
to assume that the function K'^ given by ( |8.6| ) takes values in B(C"', C") for any jj, G [0, a] 
and admits analytic continuation as K'^ : D B(C",C"') on a domain D, D D (0,a), 
symmetric with respect to the real axis, that is = U U (0, a) with C C^, 

= {z: ze D^}, and 

a 

Vo{B)= [ dfi [B{fi)]*B{fi) <oo. (8.7) 



Obviously, the condition ( |8.7] ) implies the inequality 

The transfer function Mi{z) for the model concerned reads 

a 

Mi{z) =A-z + Vi{z) with Vi{z) = [ dfi 

J z- 11 



Consider the quantity 

|S(/i)MiP 



Vi^^= sup (— (Vi(O)'Ui, Ml)) = sup / d^ 

\\ui 11=1 llui 11=1 J 



\\m\\=iJ fJ' 


and, in the case of a finite a, the quantity 

a 



v}'^^ = sup (Vi(a)Mi, Ul) = sup / dfi 

\\ui 11=1 IImi 11=1 J 



a — jj 



Denote by Amin and Amax, respectively, the lower and upper bounds for A, Amin = 
inf {Aui, Ul) and Amax = sup (Ami, ui). In the case of a finite n, Amin and Amax coincide, 
ll"ill=i ll«i||=i 

respectively, with the minimal and maximal eigenvalues of A. 

Considering the quadratic form {Mi{z)ui,Ui) for z < and then, if a is finite, for z > a 
one can easily check that the following assertion holds true. 
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Lemma 8.1 IfV^^^ is finite and 



Vi^^ < Amin, (8.8) 



then the operator H has no spectrum below z = 0. If, in the case of a finite a, Vi ""^ is finite 
and 

Vl"^ < a - A^ax, (8.9) 
then the operator H has no spectrum above z = a. 

Remark 8.1 The inequalities v}^^ < oo and v}""^ < oo imply, respectively, K'^{0) = and 
K'M = 0. 

Remark 8.2 Suppose n = 1 and, thus, Amin = Amax = Ai. Considering the graphs of the 
functions y = z — X and y = Vi{z) at z < one can easily check that if Xi G (0,a), then 
for v}^^ > Ai the transfer function Mi{z) has a single negative eigenvalue. Respectively, 
considering the graphs of the same functions at z > a one observes that for V}"^ > a - Ai 
there exists a single eigenvalue situated to the right from a. 



Therefore if the conditions (|8.^ ) and (|8.9| ) are vahd the entire spectrum of the operator 
H (and, hence, the spectrum of the transfer function Mi{z)) must belong to the interval 
[0,a]. Meanwhile, the eigenvalues of A which are embedded initially into the continuous 
spectrum of Aq can survive in this interval only in exceptional cases. Obviously, if A G (0, a) 
and Ml (A ± iO)ui = 0, mi 7^ 0, then the following conditions must hold (cf. Lemma |5.2| , 
condition (d), and Eq. ( ^.5|) ): 

(K^(A)mi,mi) = \\BiX)uif = 0, (8.10) 

((A-A)n„ni) + V.p. /rf/. <^^^^^^"""^^ =0. 

J X- fx 



These conditions may be hard to satisfy. In particular, for n = 1 Eq. (|8.10|) implies &i(A) = 0. 
And if one knows that 61 (/x) 7^ for any /i G (0,a), then no point spectrum of H can be 
situated in the interval (0,a). One understands that the embedded eigenvalue does not 
disappear. It simply shifts into the unphysical sheet (s) and turns into a pair of conjugate 
resonances which are eigenvalues of the continued transfer function Mi{z). 

Suppose that there exist i^^s-bounded contours C (see Sect. |^) such that the 
condition (|3.11|) holds. In this case these are contours for which 



Vo(S,r±) = J \dfx\ WK'MW < \dl{T^) (8.11) 
r± 

where doiT"^) = distjr''^, {Afc}^^^| . Then, according to Theorem one can construct 
two operators H^'^^ and h[~^ the spectrum of which exhausts the spectrum of the respective 



52 



(continued) transfer functions Mi{z,T^) and Mi{z,T~) in the set Od^^^/2{Ai) where (imax 
is given by ( ^4.8| ). 

Finally, we give an illustration for the assertion of Theorem |3.1| for the simplest case 
of the model ( p.l|) -( p73D with n = 1, a = 2R, Xi = R and 61 (/i) = /3 where R, P are 
some positive numbers, R, P E M^. In this case the basic equation ( |3.7| ) coincides with the 
equation Mi{z,T^) = and the solutions H^"^^ if they exist are operators in C defined by 
multiplication by respective resonances. Obviously 



r± 



Let r± be, say, semicircles, = {z : \z - R\ = R, z e C±}. Then Vo(5,r±) = tc (3'^R 

R 

and do = doCT^) = R. Thus, the solvability condition (|8.11| ) reads now as < — . This 

An 



means that Theorem |3.1| guarantees the unique solvability of the basic equation ( p.7|) in any 
semidisc C of radius r centered at the point z = R, with r satisfying the inequalities 



r-min < r < r^ax wherc 



3 R R ( ^/3 \ 

For instance, if = then Tjoin = —r ^^nd rmax = -R 1 — ) ~ 0.6-R. In this case the 

16 7r 4 \ 4 y 

R 

solution (number) Hf belongs to the semidisc \z — R\ < z E C^*", and no other solutions 

/ ^\ 

exist in the semidisc |z — i?| < i? I 1 — 1 , 2 G C^. 

In fact the model (|]T])-(|]3D with ?2 = l,0<a<oo and 61 (yu) = /3, /3 G M+, allows to 
calculate the function Vi{z) in explicit form: 

Vi{z)=(3Hti^— (8.12) 
where the physical-sheet logarithm branch is chosen in such a way that 

In ) = In Izl — In |z — a| for z> a. 



z — a 



phys 



The expression ( |8.12| ) gives an opportunity to treat the physical as well as unphysical sheets 
of the transfer function Mi{z) = Xi — z + Vi{z) immediately. 

In the case considered both values Vi^^ and v}""^ are infinite. Thus the equation Mi (z) = 
has two roots in the physical sheet (see Remark |8^ , say Zq, zq < 0, and Za, z^ > a, 
representing eigenvalues of the operator H. One can even calculate the main terms of their 
asymptotics as /3 ^ 0: 

Zq ~ -aexp(-Ai//5^), ~ a{l + exp[-(a - Ai)//3^]}. 
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Riemann surface of the function Mi coincides with that of Vi. We denote unphysical 



sheets of this surface by 11^ 



±1, ±2, . . . , assuming 



VAz] 



In- 



+ 2m u 



phys 



and that z/ = in this equation corresponds to the physical sheet Ho. 



Put as previously a = 2R, Xi = R and take (3 



— 3. We want to show that the 
2 ^ 



equation Mi{z] 



has at least one solution (resonance) in each unphysical sheet U^, 



V = ±1, ±2, . . ., with no restrictions on (3 and R such that < (3 < +oo, < R < +oo. 

71" 

First, we note that for z lying in the line lie z = R, z = R {1 + i tan ip) where < ip < — 

2 

or — < (f < 2tt, this equation can be transformed into the following equations for the 
argument ip: 



tan 99 = 



TT 



^"2 



if G 



71 

"•2 



(8.13) 



and 



tan (p = P'^ 



(p- — + TTiy 



u e z, LP E 



27r 



(8.14) 



TT 



Considering the graphs y = tan and y = (3'^ h vrz/ j for < y9 < — one immediately 

checks that Eq. (|8.13|) has no solutions for entire z/ < while it necessarily gets a single root 
ify for any entire positive corresponding to a resonance Zi, = R{1 + i tanyjj,) belonging 
to the upper halfplane of the unphysical sheet IIj, with z/ = 1, 2, 3, . . . . At the same time, 

Stt \ ^ Stt 



considering the graphs y = taiup and y = j3 



TTZ/ 



for — < 09 < 27r one finds 
2 ^ - 



that Eq. (8.14) has no solutions for entire z/ > and necessarily gets a single root (p>y for any 



entire negative z/, corresponding to a resonance = i? (1 + i iaiupy) belonging to the lower 
halfplane of 11,^ with v = —1, —2, —3, .... (Also one observes that the resonances Zi, and z_i, 
are situated symmetrically with respect to the real axis.) Therefore we have proved that the 
resonance set of the transfer function Mi (z) in the model considered is indeed nonempty in 
every unphysical sheet. 



APPENDIX A: THE NORM OF AN OPERATOR WITH RESPECT TO A 

SPECTRAL MEASURE 

Let Ti.',TC" be separable Hilbert spaces, not necessarily distinct, and T S 'RiTL' ^TL") . Let E be 
the spectral measure of a self-adjoint operator in 7i' with the support a = suppE', o" C M. By the 
£^-norm of the operator T we understand a number ||T||£; defined as 

\\T\\l = snvy^\\TE{5u)T*\\ (A.l) 
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where {5k} stands for a finite or countable complete system of pairwise nonintersecting subsets of 
the set a measurable with respect to E, i.e., 5k are Borel subsets of a, with 5k Ci 5i = 9 if k ^ I 

ripf 

and Ufc'^fc = For S £ B{n",n') we define \\S\\e = \\S*\\e. 
One can easily check that 

||r|| < llTllij. (A.2) 
Indeed, ||r|p = UlTlH = ||rr*||. Since ^^£'((5^) = /' with /' being the identity operator in H', 

k 

we conclude that 

||rr*|| = \\Tj2Ei^k)T*\\ < \\TE{5k)T*\\ . 

k k 

From this we immediately obtain ( |A.2| ). The equality ||T|| = \\T\\e is attained if the support a of 
the measure E consists of a single point. 

Lemma A.l The following equalities are valid: 

\\T\\l = supY,\\TEi5k)f = supY.\\E{5k)T*f . (A.3) 
{Sk} k ^^k} k 



Proof. To begin with we note that for any E'-measurable set 5 

\\TE{5)T*\\ = \\TE{5) ■ E{5)T*\\ < \\TE{5)\\ ■ \\E{5)T*\\. 
Since [TE{5)]* = E{5)T*, we have \\[TE{5)]*\\ = \\E{5)T*\\. Therefore, 

\\TE{5)T*\\ < \\TE{5)f = \\E{5)T*f. (A.4) 
On the other hand, for any / G 7i" 

\\E{5)T*ff = {E{5)T*f,E{5)T*f) = {TE{5)T*fJ) < \\TE{5)T*\\ \\ff 
and this means 

\\TE{5)f = \\E{5)T*f < \\TE{5)T*\\. (A.5) 
It follows from ( [A.4| ) and (^]|) that, in fact, 

\\TE{5)T*\\ = \\TE{5)f = \\E{5)T*f . (A.6) 



Further, we can take 5 = 5k and sum in ([A.q) over k. Then we can take for resulting sums the 
exact upper bounds. Finally, one finds that Eqs. (|A.3|) are indeed valid. The proof is complete. □ 



Obviously, ||aT||£; = \a\ HTH^;. 

At the same time, if the operators Ti, T2 : W — > 7i" have finite E'-norms then their sum Ti +T2 
has a finite £J-norm and 

\\Ti + T2\\e<\\T,\\e + \\T2\\e. (A.7) 
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Indeed, 



1/2 / \ 1/2 

\2 \ 



Y,\\{Ti+T,)E{Sk)f\ < j;(||Tii?(4)|| + ||T2i?(4 

\ k / \ k / 

1/2 / \ 1/2 



< 



Y,\\TiE{S,)\A + (y.\\T2E{6,)\A 

\ k / \ k J 



Using the statement of Lemma A.l, we come immediately to ( A.7| ). 
The condition T = 0, if ||r||£; = 0, fohows from the inequahty (A. 2). 

Hence, the function || • H^; is indeed a norm. Due to ( [A.2| ), the hmit of each Cauchy sequence 
of operators from 'B{7i' ,7i") having finite E'-norms and converging with respect to the norm || • \\e 
is automatically an element oiB{7i' ,7i") having finite S-norm, too. Therefore, the operators from 
B('H','H"), having finite £^-norms, constitute a Banach space. 

If the spectral measure E corresponds to a self-adjoint operator having a simple pure dis- 
crete spectrum, then, evidently, ||T||£; coincides with the Hilbert-Schmidt norm ||T||2, \\T\\2 = 

oo 

llTe^ll^, where {e„} is an arbitrary orthonormal basis of TL'. In general we have only the 

n=l 

inequalities 

||T|| < ||T||s < ||r||2. (A.8) 

Along with the i?-norm ( |A.1| ) one may consider as well a whole family of operator norms defined 
with respect to a spectral measure E: 

/ \^^^ / \ 

\\T\\p,E = snpY^\\TE{SkW = snpY^\\E{6k)TT , P>1. (A.9) 

The norm (A.l) is a particular case of these norms for p = 2. Many properties of the norms (A.9) 
are similar to those for the respective norms || • ||p on classes of compact operators. Note, in 
particular, that if, for Ti : 7^' — > TC", T2 : TL" TL' and 1/p + 1/q = 1, the norms ||Ti||p^£; and 
||r2|l5,E are finite, then 

supV||riii;(4)T2|| < \\t4p^e-\\T2\We. 

mk 

Note also that for any 1 < p < 00 

ll^^ll < < ll^llp- 

We do not describe properties of || • \\p^E for arbitarary p, since, in this work, we use only the norm 
II • We = II • \\2,E- 



APPENDIX B: THE INTEGRAL OF AN OPERATOR- VALUED FUNCTION 

OVER A SPECTRAL MEASURE 

To avoid confusion with the measure Ej, we shall denote the spectral function of the self-adjoint 
operator Aj, j = 0, 1, by E^ (fi) (i. e., with superscript): E^{fi) = Ej ^(—00, //)^ , G M. Recall that 
E^{fj,) is a projection-valued function satisfying the conditions of monotonicity, E^{^i) < E^{fi2) 
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for /ii < ij,2, and completeness, s—limE^{p,) = 0, s—\imE^{fj,) = Ij. In addition, this function is 

continuous from the left, s—liinE^{fi') = E^{fi). 

Let F{^) be a function defined on an interval [a,b], —oo < a < b < +00, whose values are 
bounded operators acting from TCj to TCi, that is, F : [a,b] 'B(Ti.j,Tli), i,j = 0,1 and where it 
is not necessary that i ^ j. Following we say the function F is uniformly (strongly, weakly) 
integrable from the right over the spectral measure Ej on [a, b) if the limit 

^ n 

/ ^ hm (B.l) 

■J max|5L' I— >0 

a k=l ' ' "—^ 

exists considered in the sense of the uniform (strong, weak) operator topology. Here, = 

[/^fe_i,/Ufc) and l^^."^! = ^J-k — fJ'k-i, k = 1,2,. ..,n, where fio, ^i, . . . , is any subsequence of 
numbers from the interval [a, b] satisfying the conditions a = fiQ < fii < . . . < fin = b. By we 
understand an arbitrary point of . The limit value ( |B.1D , if it exists, is called the right integral 
of the function F over the measure Ej on [a, b) in the sense of Riemann-Stieltjes. 

Similarly, we say the function G : [a,b] — > B{7ii,Ti.j), i, j = 0, 1 is uniformly (strongly, weakly) 
integrable from the left over the spectral measure Ej on [a,b), —00 < a < b < +00, if it exists the 
limit 

/ di?^(^)G(M) = lim j;i?,(4"))G(^,) (B.2) 



considered in the sense of the uniform (strong, weak) operator topology. The limit value ( [B.2D , 
if it exists, is called the left integral of the function G over measure Ej on [a, b) in the sense of 
Riemann-Stieltjes. 

Since the Banach spaces B{Ti.i,Ti.j) and B{Ti.j,Ti.i) are closed with respect not only to the 



uniform (n) but also to the strong (s) and weak (w) convergence of operators, the integrals ( B.l 
and ( |B.2[) , if they exist in some sense, determine certain bounded operators belonging, respectively. 

to B{ni,nj) and B{nj,ni). 



Evidently, if the integrals ( p.lj ) and (B.2) exist in the sense of the strong operator topology, 



they exist as well in the sense of the weak operator topology. In turn, existence of these integrals 
in the sense of the uniform operator topology implies their existence in the sense of the strong as 
well as weak operator topology. The following simple statement holds. 

Lemma B.l The function F{p), F : [a,b] B{7ij,TCi), is integrable in the sense of the uniform 

operator topology over the measure Ej in [a,b) from the left iff the function [F(^)]* is integrable 

over the same measure from the right, and also in the sense of the uniform operator topology. The 

same statement is true with respect to the simultaneous integrability of these functions with respect 

to the weak operator topology. In general it only follows from the existence of one of the integrals 
h b 

F{fi) dE^ (fi) and / dE^ (fi) [F (fi)]* in the sense of the strong operator topology that the other 



one exists with respect to the weak operator topology. In all cases the integrability of F{fi) and 
[F{fi)]* implies the equality 

b -| * 6 

j F{^i) dE^if^) = I dE\^,) [F{^,)]\ (B.3) 
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Proof. Note that 

(n \*n 
k=l / k=l 

Therefore, the vahdity of the first and second statements of the lemma follows from continuity of 
the involution T ^ T* with respect to u- and w-convergence in ^(Ti.j,TCi). The last statement 
follows from the fact that strong convergence of a sequence of operators in B{Ti.j,Ti.i) implies also 
weak convergence of this sequence. However, one can not claim that the sequence of respective 
adjoint operators converges strongly, since the involution T ^ T* is not continuous with respect 
to s-convergence (see, e. g., § 5 of Chapter 2). 

The proof of the lemma is complete. □ 

Some sufficient conditions for the integrability of an operator- valued function -F(^) in the sense 
of the uniform operator topology are given in the following statement. 

Lemma B.2 Any operator function F, F : [a,h] B{7ii,7ij), which satisfies the Lipschitz condi- 
tion 

\\F{fi2)-F{ni)\\<CF\fi2-f^i\ yfii,fi2 ^[a,b] (B.4) 

with some constant Cf > 0, is right-integrable with respect to Ej in the sense of the operator norm 
topology. 

A proof of this statement can be found in Ref. Q (see in |^] Lemma 7.2 and Remark 7.3). 

b b 

The integrals J F{fj,) dE^ (fi) and J dE-'di) G{fi) with a = — oo or 5 = +00 are understood as 

a a 

respective limits, if they exist, of integrals with finite bounds; for example, 

b V 

[ dEH^)GU)= lim [ dE^(fi)G(n). 

J a'la,b'^ J 

a a' 

Also, we define 

b b 
I dE,{^^)G{^,) = |dE^{^,)G{^^), J F{^,)dE,{^,) = J F{^^)dE^{^,) (B.5) 

(7{Aj) a. o-(-4j) a 

where {a,b) is an arbitrary open interval entirely containing the set a{Aj). This definition is 
correct, since the support of the spectral measure Ej is just the spectrum a{Aj). 

Lemma B.3 Let a function X : cr{Aj) — > B{7ii,7ii) be bounded, ||X||oo = sup ||X(^)|| < 00, 

MG<t(Aj) 

and satisfy the Lipschitz condition ( |B.4D . Then, if the Ej-norm \\Bij\\Ej of the operator Bij is 
finite, then the integrals 

j dEj{n)BjiX{n) and j X{n) Bij dEj{ii) 
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ea;is|] in the sense of the operator norm topology, and the following estimates are valid for their 
norms: 



dEj{fi)BjiX{fi) 



< ll^iillsj • ll-'^lloo and 



< ll-Sjill-Ej ■ ll-'^lloo- 



Proof. The proof will be given for the case of the integral J dEj{fi) Bji X{fj,). To this end 



let us consider a partition {(^fc | of an interval [a ,b) for finite a , b and the respective integral 

I J k=l 
sum. We have for this sum: 



k=l 



k=i 



m=l 



where G <^i"^| is an arbitrary set of points belonging to the intervals Since 
I ) k=l 



£;,(4"))£;,(<5^)) = ofor 6'^"n6., 



m — V, we find 

2 



Y,Ej{6t''>)B,,X{Ck)f 



k=l 



= {Y^[Xm*B,,Ej{5l^^)B,,X{Ck)f,f) 

k=l 
n 

<J2\\BijEj{6^^^)Bji\\ ■ 

k=l 



|2 ||^||2 



|2 11 fll2 
I oo I 



This means 



Y,Ej{6^^^)B,,X{^, 



k=l 



<^/HB\^y\\X\ 



Since the total variation Vj{B) = is supposed to be finite, we have 



dE^{f,)BjiX{fi) 



a' +00 
{h' > a') 



This means that the integral J dE^ (fi) Bji X{fi) with a finite lower bound a converges with respect 

a 

b 

to the uniform operator topology. Existence of the integral / dE-' (fi) Bji X{ii) with a finite b can 



^The function X can be extended outside the set (T[Aj) in an arbitrary way when the defini- 
tions (|B.2|) and (p.5|) are used, retaining only the Lipschitz condition (p. 4]). 
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be proved in the same way. The existence of the integral J dEj(fi) Bji X{^) with respect to the 

operator norm topology as well as its norm estimate follow immediately from these results. 
□ 



In the same way as the for the previous integrals one can define and treat the integral 



x{^l)B,JdEj{^l)B,,Y{^M) 



a{A,) 



(B.6) 



with X,Y like the function X in Lemma |B.3| and the same Bij = B*^. First, we extend X and Y 
outside the set (T{Aj) retaining the Lipschitz condition ( p. 41 ) and introduce for — oo < a < b < +00 
the value 



/ X{fi)Bi,dE^{fi)BjiY{fi) = lim V (B.7) 

<J max \oi — +0 1.-1 

a fc=l 

with (5^"^ and taken as in Then we consider the limits a — > —00 and/or h — > +00 if 



necessary. As a result one has the following 

Lemma B.4 Let the functions X,Y : cr{Aj) — > 'B{7ii,7ii) be bounded, ||X||oo < cxd, ||i^||oo < 00, 
and satisfy the Lipschitz condition (|B.4|) and let \\Bij\\E- < 00, also. Then the integral (|B.6|) exists 



— 1 1 ^ij \ \Ej ' II 1 1 00 ■ 1 1 ^ 1 1 00 



in the sense of the operator norm topology and 

Xiii)B,jdE,{f,)BjiYiiM) 
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